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1
LOI MO AU

S6 hoc 1a bo mon toan hoc ra ddi tit rdt sém nhung né luén dude cic nha
toan hoc quan tAm nghién citu, bdi 16 khong vi su bi an clia cdc con sé ma
no con ung dung quan trong cho cudc cach mang khoa hoc ky thuat hién nay
nhu 1y thuyét mat ma.ky thuat sé,...

chuyén dé hinh hoc s6 hoc 1a chuyén dé nghién ctu s6 hoc dudi cong cu
hinh hoc, thiét 14p mat ma bdi dudng cong Eliptic 1a thé manh ctia phan mon
nay. Dé lam dé tai tiéu lun két thic bd mén téi chon deé tai " Dang modular
va ham s hoc' , tiéu ludn gom 3 chuong cting véi phan mé dau va két luén.
Trong mdi chuong cu thé nhu sau;

Chuong 1: Gom céc kién thiic co s lién quan dén hai chuong sau

Chuong 2: Gi6i thiéu hai ham s6 hoc quan trong dé 14 Zeta ham va L ham
cung véi cac tinh chat ctia no.

Chuong 3: N6i vé cac dang Modular, khong gian cidc dang Modular .

Msc du ban than da rit ¢b ging trong hoc tép, nghién citu va dude su
huéng dan nhiét tinh ctia thay gido huéng dan, nhung do nang luc clia ban
than va thoi gian con han ché nén tiéu luan khoé tranh khéi nhitng thiéu sot.
Téi rdt mong nhan ducce su gép v clia quy thay co va cic ban dé tiéu ludn
dugc hoan thién hon.

Cudi cling t6i xin chan thanh cdm on GS.TSKH Ha Huy Khoai ngusi da
tan tinh gitip do, cing tap thé 16p cao hoc toan khod 11 tao diéu kién cho
to6i hoan thanh ti¢u ludn nay.

Quy Nhon, thang 5 nam 2010
Ha Duy nghia



Chuong 1

MOT SO KIEN THUC CO SO

1.1 BDac trung cia nhém hitu han

Pinh nghia 1.1.1. Mot déic trung ctia nhém G 14 mot dong cau tit G vao
nhém nhan cac s6 phitc khac khong. Néi cach khéc, dic trung ciia G 1a mot
ham x : G — C* sao cho x(a.b) = x(a)x(b),Va,b € G Mot dac trung x goi
13 tam thuong néu x(g) = 1,Vg € G duge ky hiéu 1a xr

Goi x, X’ 1a hai dic trung ctia nhém G, tich 2 dac trung la mot ham
x-x'+ G — C* xdc dinh béi xx'(9) = x(9)x'(9).
DPinh 1y 1.1.2. Ddc trung ciua nhom tuy § G la nhom Abel vdi phép todn

nhan dugc dinh nghia nhu trén.

Chitng minh. 1)G déng dbi véi phép toan nhan, tic 1a y.x 14 dic trung clia
G, that vay x.x'(a.b) = x(a.b).x'(a.b) = x(a)x(b)x'(a)x'(b) = x-x'(a)x-x'(b)
ii)Phan tit don vi 1a dic trung tam thudng xr

iii)Phan tit nghich ddo ctia y 1a x~! véi x ! : G — C*, dudc xdc dinh

X 1(g) = x(g7") khi d6 x ! 1 déic trung clia G va x.x ' = X7 0

Tap hop cac dac trung cia G lap thanh nhém, ky hiéu la G goi la nhom
diic trung hay nhém déi ngau cia G

Gia sit rangh : G; — G 1a mot dong cau nhém va y 1a dic trung cta
Gy C4i ndi ctia y bdi hky hiéu 1a h*y dude xac dinh béi h* = y o x, tit dinh

nghia ta suy ra A*y 1a mot dong cau.

Pinh ly 1.1.3. Gid st rang G1, Gy la nhing nhém . Khi dé x la ddc trung
ctia G1 x G néu va chi néu x = x1 ® X2, VX1 € @1,)(2 € G

Hé qua 1.1.4. Néu G1, Gy ld nhing nhém thi Gy x Ga = G1 ® G
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Gia x la dic trung ciia G va ¢ la phan ti ctia G c6 cap hitu hank. Tu
x(9)*¥ = x(¢*) = x(1) = 1.Biéu nay kéo theo khang dinh rang, nhiing dic
trung chuyén nhitng phan t ¢é cap hitu han vao can clia don vi. Cu thé 1a :
Néu G 1a mot nhém va n 1a sb nguyén duong nhé nhat sao cho g" = 1,Vg € G
khi céc dac trungctia G sé cho tuong tng moi phan ti cia G 14 cin bac n
cua don vi .

Tir d6 suy ra néu x € G thi |x(¢)| = 1¥g € G, do d6

- I 1 -1 -1

X(g) = x(9) = O xX(g7) =x""(9)
modun [Proposition 1.1 [2] ] Véi moi diic trung khong tam thuong x ctia G
thi ang(a) =0

Chitng minh. Lay b € G sao cho x(b) # 1, goi S = ZGx(a), khi do
ac

x(0).5 = x(0)x(a) > x(ba) =5

aceG abeG

do d6 S(x(b) —1)=0= S =0 0

T ménh dé trén, néu thay G bang G ta c6 két qua sau:
> Xx(x)=0,x€G
zed

Suy ra
S x(@)=0,ze G=4G

xe@
modun [proposition 1.3 | [2] | Goi w 1a can bac n cta don vi, khi d6 4nh
xa X;j : Zn — C* x4c dinh bdi x;(a) = w’® 1a dic trungetia Z,Vj € Z, ngoai
ra:
a)Xj = Xk néu va chi néu j = kmodn;
Xj = XT;
Z= {x0s - Xn-1};
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Chatng minh. Trude hét chiimg minh y; 14 dic trung cta Z,.

Ta c6 x;j(a+b) = w/( @) = Li%Ib = y;(a)x;(b), VAy x; 1a dic trung cta Z,.
(a)x; = xx néu va chi néu j = k mod n;

(=) Ta 6 x; = xx nén x;(1) = xx(1) = w’ = ¥ = j =k mod n.

() Néuj=kmodn=j=k+tn=w/ =i =0F= v, = ;.

(b) Hién nhién theo dinh nghia

(¢) Theo trén ta da chtng minh Z, 13 nhém, nén dé chimg minh ménh dé ta
can chimg minh Z, 14 nhém xyclic cAp n.That vay, Vx; € Zn, ta cb Xj(a) =
x;j(na) = x;(0) = 1 = xo(a),a € Z,.( Cé the gidi thich theo dinh nghia clia
x;j(a) = w’®), khi d6 ta suy ra dugc (c), (d). O

Hé qua 1.1.5. G =G

Chitng minh. Vi G, G 1a nhing nhém hitu han nén G = L, ® ... B Ly, va
G = Ly @ .. D Ly, do d6 theo Ménh dé 1.1 tacd Zn, = Zn,, .., Zn, = Zn,
.Suy ra diéu phai chiing minh. []

1.2 Quan hé truc giao cua dac trung

Goi G la nhém Abelian hitu han va H la nhém con ctia G, ky hiéu Gu 1a
tap cac dac trung cia G ¢6 hat nhan chita H, tic la Vh € H, x(h) = 1. Khi

do ta ¢ cac ket qua sau:

Pinh 1y 1.2.1. Néu H ld nhém con cia G vd x € G thi

> X

(h) = |H| Néu x € Gy
heH

0 Néux¢ Gy
Chitng minh. Goi A = ¥ x(h), khi dé néu y € Gy thi x(h) = 1,Yh € H
heH

suy ra A = |H|, ngoai ra néu y ¢ Gy thi ton tai hy € H sao cho x(ho) # 1,
khi d6 A= ¥ x(h-ho) = x(ho) X x(h) = A=0 O
heH heH
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Dinh 1y 1.2.2 (Quan hé truc giao tht 1). Goi x, 9 la hai dac trung cia G
khi dé

n Néux =1
0 Néux #

Chitng minh. Truong hop , néu x = 1 khi d6 x(a).x(a) = x(a) tx(a) = 1

ZX@M@—{

nén ZGx(a)@D(a) =n.

ac
Trudng hop, néu x # v thi Yo 14 dic trung khong tam thudng, nén theo
Ménh dé 1.1 ta cé diéu phai chting minh. ]

Goi C% 1a khong gian cdc ham tuyén tinh f : G — C. Khong gian nay 1a
khong gian cdc ham tuyén tinh n chiéu trén C. Véi tich vo huéng dude dinh

nghia
1

n

> fla)g(a)(f.g € CY)

acG

(f,9) =
Pinh 1y 1.2.3. G 14 co sé truc giao trong CC

Chitng minh. Tac6 : Vx,v € G, (x,¥) = % ZGx(a)@D(a) = 0 ( Theo Dinh ly
ac

1.2.2)

Ngoai ra,theo Hé qual.1.5 ta suy ra |G| = n = dimCC. O

Goi Xxo, -, Xn—1 & nhimg dac trung cia G = {ap, aq, ...,a,_1. Khi d6 ma

tran vuéng C' = (x;(a;)) 1la bang dac trung cta G

Hé qua 1.2.4. Ma tran A = ﬁC’ la ma tran don vi, hon nta A.A* = A*. A =

I trong dé I la ma tran don vi va A*la ma tran lién hop cia A
Hé qua 1.2.5 (Quan hé truc giao thit 2 ). Goi a,b € G khi do

n Neua = b

> x(a)x(b) = )
e 0 Neua #b

Chitng minh. That vy, néu a = b ta ¢

> X@x®) = ¥ x@x(@ = 3 (@)l =n

xea x€G xe@’



neu a # b ta co

> x(@)x(®) = 3 x(a™H)x(b) = 3 x(a™'b) =0

xeG xX€G XEG

(Suy ra tit Ménh dé 1.1)



Chuong 2

CAC HAM SO HOC

2.1 Zeta ham va L ham

2.1.1 Zeta ham

Dinh nghia 2.1.1. Cho f : N — C 1a ham s6 hoc, fdudc goi 1a :
Nhan tinh néu :Vm,n(m,n) = 1, f(m,n) = f(m).f(n)
Nhan tinh manh néu :¥Ym, nf(m,n) = f(m).f(n)
B d& 2.1.2. Chudi 5> L hoi tu tuyét d6i khi Res > 1 v bidu dién thanh

n=1 e
tich v6 han TI (1+ f(p)p~% + f(p?).p~2* + ...+) trong dé f(n) la ham nhan
pEeO/
tinh gidi noi.

Chitng minh. Vi f(n) 1 ham nhan tinh giéi noi nén|f(n)] < M = ]fg”) <

nMX, X = Res > 1 chubi hoi tu tuyét doéi khi Res > 1.

Liy mot tdp hitu han S C { Tap hop céc s6 nguyén t6 }, goi N(S) € N
la tdp cac s6 ma cdc ubc nguyen to thuoc S, gid st S = py, ..., p,.khi d6

N(S) ={n=p"..pi* a; > 0} Khi dé ta c6 :

fin) _  fO7-pi")
D R N

Do f 13 ham nhan tinh nén f(p$*.... PP )= (p$)...f(p*) do d6 -
5 fln) _ 5 F)--f () _ ﬁ (i f(p?l))yséyj,

neN(s) n? ar... Ak (p?l"'pgk)s i=1 \a;=0 (pz%)s
T dé suy ra: %1 fr(l?) = H/<1 + fp)p =+ f(PHp =+ .. 4) O
n= pe'.)

Gia st f(n) 1a ham nhan tinh manh gi6i noi, khi d6 theo b6 dé trén ta ciing

co



> 0= T (4 fp S+ F) T )
n=1 ped 1
=1 1= 1L (L= flp)p~) .

peP peP
Va cong thiic nay goi 1 cong thic Ole.

2.1.2 Zéta ham Rieman

Tit bd d& trén ta thiy khi f(n) = 1 ta ludn c6: ((s) = 5 L,((s) =
n=
_s\—1

I (1—p
pep( p) /
¢ 1a ham Rieiman hoi tu tuyét ddi trén mién Res > 1
Dinh ly 2.1.3. ( Ham Rieman la ham chinh hinh trén mién Res > 0. Thdc
trién duoc thanh ham phdn hinh trén mién Res > 0 ¢é cuc diém don tai s = 1

tic la ((s) = =25 + (s) trong dé ®(s) chinh hinh trong mién Res > 0.

0o oo ntl
ung minh. la co :— = N = B nen suy ra:
Chitng minh. Ta ¢ 15 = [ t°dt t~*dt né
1 n=1 n
1 X1 % nl —s
§S)— — = = — t=%dt
C< ) s—1 n=1" nzzjl 7{
00 n+1
= X (n_s— J t_sdt>
n=1 n
oo n+l1
=> [ (n*S t*S)dt
n=1 n
n+1

bat ¢,(s) = [ (n™° —t7%)dt,P(s) = > ®(n), cdc ham P, (s) chinh hinh
n n=1

theo s trong mién Res > 0. Dé chting minh ®(s) chinh hinh trong Res > 0

ta chtmg minh chudi hoi tu tuyét déi va déu.That vay, ta co:

n+1

/ (n® —t~%)dt

n

n® —t°%

[Pn(s)] =

< max

n<t<n-+l1

nén suy ra:|®,(s)| < %,X = Res Tu dé6 suy ra ®(s) chinh hinh tronh

mien Res > 0, ngoai ra khi s — 1, ®(s) gidi noi. O



2.2 L-Ham

2.2.1 Dac trung Modunlar

Gid sitm € Z,m > 1,G(m) = (%/,,7) " nhém céc 16p ddng du kha nghich
theo modulo m, G(m)c6é m phan tit , goi y 1a dic trung ctia nhém G(m)goi
13 diic trung Modunlar . xG(m) :— C* théc trién 1én Z, khi dé:

ox(n) =0 néu (n,m) #1

ox(n) = x(nmodm) néu (n,m) =1

2.2.2 Dinh nghia va tinh chit ctia L-Ham

Pinh nghia 2.2.1. Chom > 1, x dac trung modular m,ta dinh nghia L. ham

ting v6i dac trung y dudce xac dinh bdéi cong thitc
oo

L(s,x)=>_ x(n)n~*
n=1

Ménh dé 2.2.2. Néu x = 1 thi L(s,1) = F(s).C(s) trong dé F(s) =
> (1 —=p7%),((s) la Zeta ham Riemam.

pm
Tit ménh dé trén ta thiy rang L(s,1) chi khic ((s) khi (n;m) # 1 va
L(s,1) c6 thé thac trién thanh ham phan hinh trén mién Res > 0 va c6 cuc

diém don tai s = 1.

Ménh dé 2.2.3. Vdix # chuéi L(s,x) hoi tu tuyét doi trong Res > 0(Re s >
1) dong thoi cé tich Euler

Lis,x) = I] A= x(@)p™) .. Res >0
peey

Ching minh. Yu,v € N,u < v ta dat A,, = ijx(n), theo tinh chat truc giao
u

ta co

Do dé
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va khéng phu thudc vao w,v, nén theo tiéu chuan Abel chudi hoii tu tuyét
doi.

ngoai ra x(n)la ham nhén tinh manh nén L(s, x) c6 tinh Euler O

2.2.3 Tich cic L ham tng v&i moi y € G(m)

Cho p t m,p la anh ctia m trong nhém G(m) = (Z/mz>*f(p) la cAp cla
ptrong nhém G(m), f = f(r) 14 s6 nho nhat sao cho p/ = 1modm suy ra
f(p)|®(m), G(p) = @(m)/f(p) 14 cAp ctia nhém sinh béi (p)

Ménh dé 2.2.4.
—f(p)s\ —9(P)
Cn(s) = I (1_p f(p) ) 9P

plm
Chiing minh. Ta ¢ : (pn(s) = 1>_<[L X,s) = L(s, 1) 1;[ L(s, x)
x7#1

=11 (1 =p77)¢(s) II L(s,x)

plm x#1 )
— 1—p I (1=p3"" 11 II (1—- —5)=9(p)

p|m( p )pep( p~*) X#pep( x(p)p~*)
=11 (I—x(@p~) " = 11 (1-p?®9) ™" 0

X plm ptm

Dinh 1y 2.2.5. (i) Vx # 1, L(1,x) # 0 (i) ((s) ¢6 cuc diém don tai s = 1.

Chiing minh. (i) gid st ¢6 xo nao d6 , xo # 1, L(1, x0) = 0 khi d6 L(1, x) gi6i
noi Vy # 1, va L(1, xo) ¢6 cue diém don tai s = 1.
Néu Li,xo = 0 thi khit dudc cuc diém s = 1 suy ra ham ((s) chinh hinh

trong mién Res > 0, ta can ching minh chudi héi tu trong mién Res > 0,

ta chig t6 chudi((s) phan ky tais = ﬁ, that vay:;

_ —9(p) (p)
Com = 11 (=X 0) 7 (1= 0) ™ = ()

= (L4 p @ 4 (pI@)" 1 “_>g<P>

ma ®(m) > f(p) nén chudi trén duge lam gia baéi

(14 p 2 4 4 (p®me) 4 ) = (1 + 11) + )

ma chudi ndy phan ky nén s = ﬁlé phan ky.

(4i) duge suy ra true tiép ti (i) O
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Chuong 3

DANG MODULAR

3.1 Nhoém modular

Cho H 13 nita mit phing trén ctia C Nhém mudular ki hiéu 1&

a b
SLy (R) = ,a,b,e,d € Road —bc=1
cd

Téc dong cia SLy (R) 1én CU {oc} :

a b R
g = € SLy(R) gz = %iz v6i z 1a mot phan tit trong C U {oo}.
cd

Qua tac dong ciia nhém SLy (R), nita mat phang trén 13 6n dinh. That vay,
gia st H={z/Imz>0} va ze€ H. Khi d6

_ az+b\ _ 1 (az+b _ az+b
Im(gz) = Im (cz-l—d) T2 (cz-l—d c?-l—d)

_ 1 (ad—bc)z—(ad—bc)z)
2 lcz+d|”

_ 1 (ad=bc)(2—%2)

T2 Jezd)?

Z2—Z Im z

- 2i|cz4d|®  |ez+d|?
Téc dong tam thuong trén H :
-1 0
Xét g = ta co gz =z, Vz € CU {o0}.
0 —1

a b
Xét nhom SLy (Z) C SLa (R). Tacd SLy (Z) = ,a,b,c,d € Z,ad — bc =1
c d

. K{ hiéu PSL, (Z) = L2 (Z)/{ﬂ}-

Dinh nghia 3.1.1. Nhéom G = SLy (Z) goi la nhém modular.
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3.2 Mién cd ban ctia nhém modular

Dinh 1y 3.2.1. Mién D = {|z\ >1, |Rez| < %} la mién co bdn cia nhém

modular G tic la

(1) Voi moi z € H vd vdi moi g € G ta ¢é gz € D.

(ii) Gid st 2,2 € D ton tai g sao cho 2’ = gz. Khi dé ta cd
hoic |Rez| =3, 2/ =z+x1 hoic|z| =1, 2/ = -1

(1ii) Voi moi z € D dat 1(z) = {g € G,g9z = z}

(Nhém con on dinh cia z doi vdi G).

Khi d6 I(z) = 1 tru 3 truong hop:
e z=i:I(i) ]a nhém cap 2 sinh bdi S
2mi

es : G la nhém cap 3 sinh béi S, T.
e : I(z) 1a nhém cép 3 sinh béi TS.

e z=p

D

e Z

3.3 Ham modular

Pinh nghia 3.3.1. Cho s6 nguyén k, f(z) cho trong nita mit phang trén
dudce goi 1a mot ham modular yéu trong s6 2k néu f(z) phan hinh trén H

R a b
dong thai v6i moi g = € SLy(Z) ta c6
c d

az +b
cz +d

f(2) = (cz +d) 7 f( ) (3.1)

Dinh ly 3.3.2. Ham phan hinh f(z) trén nia mat phang H 1a dang modular
trong s6 2k khi va chi khi f(z) théa man hai dicu kién sau

(0)f(z=1) = f(2)

(i) f (—1) = 2 £ (2).
Dinh nghia 3.3.3. Him modular yéu f(z) goi 1a ham modular néu f(z) phan
hinh tai oco. Ham f(z) dudc goi 1a ham modular trong s6 2k néu f(z) 1a ham

modular trong s6 2k va f(z) lam ham chinh hinh trén H ké ca tai oo.
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Nhan xét: f(z) 1a dang modular trong s6 2k khi
(i) f 1& ham chinh hinh trén H.
(i) f(z) c6 khai trién f(z) = n%:oo a,€2mn,
(i) £ (1) = £ (2).

3.4 Khoéng gian cac dang Modular

Cho f va g 1a cic dang modular trong s6 2k. Khi d6 f + ¢ cling 1a mot
dang modular.
bat M, 1a tap hop cac dang modular trong sé 2k . Khi d6 M, 1a khong gian
tuyén tinh phic.

Dinh nghia 3.4.1. Dang modular f goi 1a dang cusp néu nhu f(co) = 0.

Ki hiéu M} 1a khong gian cdc dang cusp trong s6 2k. Ta c6 MY C M. Xét
0: M, —C, o(f)= f(00). Tacét MY = Kerp. Do d6 My = My & CGy.

Dinh 1y 3.4.2. Gid st f la ham modular trong so 2k khdc 0. Khi dé ta cé

1 k . .
Ux (f)+ >, —0,(f) = 5 (epld cap ciia nhom on dinh taip ).

peD €p

Viét lai, Uu (f) + %UZ (f)+ %Up (f) + Zg;l/SGp (f) = % (*) trong d6 >* 1a
tong theo moi modun trong H /G khéc i, ppvzi cac diem dong du véi i, p.
Nhan xét: >* U, (f) chi 1a tong hitu han ( tic 13, chi ¢ hitu han diém ma
tai d6 U, (f) = 0 ). Néu f 1a ham modular thi f phan hinh tai co . ¢ = €*™*
: éi_r)l(l)f (q) = oo, ton tai lan can ctia 0, chang han |¢| < r trong dé chi ¢6 q
13 cuce diém, z = x + iy, |q| = e7?™ < r suy ra % < e =y > %log%. Khi
y > % log% ham f chi ¢é cuc diém tai co. Mién D N {y < % log %} compact
do d6 chi ¢6 hitu han cuc diém va khong diém ttc 1a chi ¢6 hitu han p sao

cho U, (H) # 0.

Dinh 1y 3.4.3. (i) My, =0 vdi k <0 hodc k = 1.
(ii) Khi 'k = 0, 2, 3, 4, 5 thi My la khong gian vecto mot chiéu va co sd clia
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no la 1, GQ, G3, G4, G5.

. My — M}, .
(iii) Anh za la mot dang cau.

o= Af
Chitng minh. (i) Khi k =1 hoac k < 0 thi khéng c¢6 dang f # 0 do d6 f = 0.
My,_¢ — M}
foeoAf
e Trong cong thitc (*) ta thay f bdi Gy : U (Ga) + 5U; (Ga) + 50, (Ga) +
e Up (G2) = 5 suy ra U, (G2) = 1 va U, (G2) = 0. Do d6 Gy c6 khong
diém don duy nhat tai p, G (p) =0, G (p) # 0.
e Trong (*) ta thay f boi G3: Uss (G3)+30; (G3)+30, (G3)+20em c Op (Gs) =
2 suy ra U, (G3) = 1 va U, (G3) = 0. Do d6 G ¢6 U; (G3) = 1, U, (Gs) =
0,Vp #ivaGs(i) =0, Gs(p) #0,Vp #i.
e Trong (*) ta thay f b6i A. Khi d6 A (0c0) = 0 suy ra Uy (A) = 1. Ta ¢6
Uoo (A) + 355 (A) + 30, (A) + e/ Op(A) = 1 suy ra U (A) = 1 va
Ui (A) =0, (A) =0, (A) =0,Vp # co. Do d6 A ¢6 khong diem don tai oo.

(iii) Xét anh xa

Hién nhién anh xa trén 1a don anh.

Lay g tuy y thudc M. Ta ¢6 g (c0) = 0 va A (o0) = 0 nén 9/ chinh hinh
ké ca tai oo. Tai diém p # oo thi A # 0. Vi 9/o 1a ham chinh hinh nén
9N € M), _¢. Dat f=9/p tacd f € M,_s va g = Af suy ra anh xa trén la
mot toan cau va do dé né la mot déng cau.

(ii) Xét k = 0 : Vi f la dang modular nén né khong c6 cuc diém suy ra
U, (f) = 0. Theo (*) thi U, (f) = 0 v6i moi p nén f chinh hinh va khéc 0 trén
H, ké c tai co. Do d6 f 13 ham hang nén M, 1a khong gian mot chiéu c6 co
sG la 1.

Xétk =2,3,4,5tacé MY = My_g. Do k—6 < 0 nén theo (i) ta c6 My_g =0
suy ra M,g =0. Vi M, = M,? ® CGE nén My = CGy do d6 My, la khong gian

mot chiéu co s6 Gy, v6i k = 2, 3, 4, 5. ]
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Hé qua 3.4.4. S6 chiéu ciia My dude cho bdi cong thic

[]g] , k=1 (mod6), k£ >0
dhn,ﬂ4k:: k
[6 +1 ) k §é 1 (mod 6)

Ching minh. Ta chiing minh quy nap theo k:
ok=0ticlak#1 (mod6) thidim M =1.
ok =1tclak=1 (mod6) thi dim My = || =0.
ok=2345thik#1 (mod6)do dé dim My = {5} +1=1.
Gia sit cong thitc trén ding véi moi k > 5, ta can chting minh cong thiic
dung v6i k + 6. Khi dé:
dim Mj, ¢ = dim Mk+6 +1= d1m M, +1

]4—1 , k=1 (mod6)
] , k#£1 (mod6)
“6] k=1 (mod6)
| 6
T k1 -
TJrl , k#£1 (mod6)

Dinh 1y 3.4.5. Khong gian M}, c6 co sé gom ho cdc don thic cé dang sau
{G8G5,0,8€Z, 0,820, 20+38 =k},

Chitng minh. Ta chimg minh ho cac don thiic trén sinh ra M, bang quy nap
nhu sau:

Néuk=0thia=p=0.

Néu k = 2 thi chon v = 2 va 8 = 0 do d6 M, sinh béi G .

Néu k = 3 thi chon a = 0 va 8 = 3 do d6 M3 sinh béi Gs.

Néu k > 4 thi ta luén tim dudc v va 6 sao cho 2y + 30 = k. Xét
g = G3GS € My saocho g (00) # 0va f € My, . Taphai tim A sao cho f — A\g € M)

tic la tim E )) Vi MP = M,_gnén tacd f — A\g = Ah, h € My_g. Theo gid
thiét quy nap dung v6i k — 6 nén ta c6 h = > capGS Gg. Khi dé
2a+38=k—6

f =AGS$GY + Ah = A\G$GY + ((60G2)° — 27 (140G3)°) h
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= AG3GS + ¥ (aasGeGE T + bapGsH3GY)
va
20+3(8+2) =k

2(a+3)+38=k
biéu can chitng minh ding véi k nén {Gg‘G”g, a,BEL, a,>20, 2a+38 = k}
sinh ra M.

Ta can chimg minh ho {G$GY, o, B € Z, ,3>0, 20+ 353 =k} la h¢
doc 1ap tuyén tinh.

Gia st X AagGgGg = 0 trong d6 2a + 38 = k. Chon («g, fy) trong dé6
ap 1a s6 nlflogﬁr)lhét trong cdc a va By 1a s6 16n nhat trong céc sd S sao cho
200+ 36 =k. Tu2(a—ag) +3(8—Po) =0tacda—ap:3vap— [i2do
dé6a—ay=3mva f— [fy=—2nsuy ram = n. Tu doé Z)\aﬁGg‘_aoGg_ﬁo =
0 & S (63)"(G3) " =0 v (H) =0

Néu Ao khong ddng thai bing khong thi g — ¢. Khi d6

Tai ita c6 Gy =0va Gy #0 (vO 1y ).

Tai ptacé Gy =0va Gy #0 (v ly).

Vay hé sinh trén la mot hé doc 1ap tuyén tinh, ttc la
{G8G5.0,8 €2, 0,820, 2a+30 =k

la mot co 6 cua M. ]
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