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1
LOI MO AU

Cau tric tépd ctia dudng cong phéng 1a mot chuyén dé todn hoc duge
nhiéu nha todn hoc quan tdm nghién ctru va ¢6 nhiéu két qua hay, cu thé 1a
né thé hién trong nhiéu tai liéu nhu cudén Plane Algebraic Curves ciia téc gia
Brieskorn, cuén Introduction to algebraic curves ciia tac gia Griffiths ...

Déi v6i ban than t6i 14 hoc vién cao hoc, t6i chon dé tai tiéu luan" Dinh 1y
chuan bi Weierstrass va tng dung " nham tim hiéu sdu hon vé van dé tham s
héa cia dudng cong ciing nhu su phan tich cia dudng cong tong quat thanh
cac dudng cong bat kha quy,.. nham dé két thic bé mon Ly thuyét ky di.
Tiéu luan gom 2 chuong cing véi phan mé dau va két luan.

Chuong 1: N6i vé dinh 1y chuan bi Weierstrass, cac dinh 1y chia da thtec
va mdi lién hé gitta ching.

Chuong 2: La phan tng dung ctia dinh 17 chuan bi cho viéc chimg minh
mét dudng cong tong quat nao d6 déu cé thé tham sé héa duge.

Msc du ban than da rit ¢b ging trong hoc tép, nghién citu va dude su
huéng dan nhiét tinh ctia thay gido huéng dan, nhung do ning luc ctia ban
than va thoi gian con han ché nén tiéu luan khé tranh khéi nhitng thiéu sét.
Téi rdt mong nhan dudc su gép v clia quy thay c6 va cic ban dé tiéu ludn
dugc hoan thién hon.

Cudi cling t6i xin chan thanh cdm on TS Lé Cong Trinh ngudi da tan tinh
gitp ds, cung tap thé 16p cao hoc toan khod 11 tao diéu kién cho t6i hoan
thanh tiéu ludn nay.

Quy Nhon, thang 5 nam 2010
Ha Duy nghia



Chuong 1

PINH LY CHUAN BI WEIERSTRASS

Trong chuong nay phan 1.1 DPa thtic Weierstrass dudc trinh bay theo tai
litu [2],phan 1.2 Dinh 1y chuan bi Weierstrass trinh bay theo tai liéu[1].

1.1 DPa thiic Weierstrass
Goi C{z}, (C{z,y}) tuong Gng la vanh cdc ham chinh hinh trén lan cén
ctia 0 € C(0;0) € C? nghia la
C{z} = {Céc chudi luy thita hoi tu ¢6 dang f = 350 ax™}
C{x,y} = {Céc chudi liy thita héi tu c6 dangf = 05, o Gmn2™y"}
trong d6 moi chudi lity thita ¢6 thé ¢6 ban kinh héi tu khéc nhau.
Dinh nghia 1.1.1. Pa thic w € C{z,y} goi la da thitc Weierstrass theo
bién y (y—tong quat) néu
_ .d d—1
w=y"+a(x)y" " + ..+ aq(x). (1.1)
trong dé aj(x) € C{z},q;(0) =0,(j =1,...,d).

Nhan xét: Gia stt f € C{x,y} khic don vi va f(0,y) khong dong nhat 0,
ta c6 thé viét:

f(0,y) = byd + byy? Tt + .

trong d6 b # 0,d > 1. Tt thuc té, phan tit khong ctiaf(0,y) 1a phan ti cd
1ap, nén ta gia st rang trong micn |y| < . £(0,y) khong chita phan tit khong
ngay ca y = 0. Do d6 ta gia st trong dudng tron |y| =€ ¢6 |f(0,y)| > ¢ > 0.

Do dé, véi méi p di nho, p > 0, |z < p va |y| = e ta suy ra f(z,y) > 99 > 0.
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B6 dé 1.1.2. Vdi nhiing diéu kién nhu trén va véi |z| < p thi f(z,y) vd mot

ham theo y c6 s6 cdc khong dieém nhu nhau trén mién |y| < e.

Ching minh. B6 dé nay suy truc tiép tit nguyén 1y argument trong giai tich
phtic. [l

Do vay v6i méi x ¢b dinh (|z| < €) gid st y,(2)(v = 1,..d) 1a d khong diém
cuaf(z,y) = 0, ta xdy dung da thiic:
w(z,y) = j-1(y — yo(w))
=yl +a ()Yt + .+ ag()
trong do:
ar(z) = — S yu(2)
as(zr) = — E?<M<0§d yu($)yu($)

14 nhitng ham d6 xtmg so cap theo y,(z)(v = 1,...d).
B6 dé 1.1.3. Da thic w(x, y)duoc xdy dung nhu trén la da thic Weierstrass.

Chitng minh. Ta biét rang moi ham dbi xtmg so cap c¢6 thé biéu dién bsi mot

da thtic Newton doéi xting

trong do:

1a nhing da thitc Newton ddi xtmg theo y,(z), (u = 1,..,d)..
Do véy, chiing ta can chting minh rang méi 6,(k = 1,..d) 1a ham chinh

hinh theo x. That vy, diéu nay suy truc tiép tit dinh Iy thing du cho biéu



dién cua
1 x,

27m|y‘:E fz,y)

1.2 DPinh 1y chuan bi Weierstrass

B6 dé 1.2.1 (Special division theorem ,[1] p.340).
Goi pr(t,y) € Cly1, .., yr }[t] la da thitc k—tong qudt, titc la
k .
pr(t.y) =t + 3 pit*™

i=1
Khi dé maoi f(t,z,y) € C{t,y, z} ton tai ¢ € C{t,z,y} va da thic r(t,y,z) =
k :
> Ai(z,y) % bie < k — 1 trén C{z,y} sao cho
=1

f=qpr+r.

Chiing minh. Phép chiimg minh chia lam 3 budc:
Budc 1:Ching minh truong hop pr = t — x; tic la ta phai chting minh véi
modi € C{t, 2,21, ..., 7} ludn ton tai Q € C{t, 2,2} va R € C{z,z} sao cho

F:Q(t—l‘i)—f—R.

That vy, néu dit R(z,z) := F(x;,z,x) thi t — z; chia hét chudi F — R =
F(t,z,x) — F(x;,2,2), hay F = Q(t — ;) + R.
Bwédc 2: Chting minh cho truong hop P, = (¢ — x1)(t — x2)...(t — xp), tic la
ta phai chitng minh v6i méi F' € C(t, z, x1...x;) ton tai Q € C{t,z, x} va mot
da thitc R € C{z,x}[t] bdc < k sao cho F' = Q(t — x1)(t — x2)...(t —xx) + R
trong d6 Q, R duy nhét.

That vay, theo buée 1 ta co:

F = Ql(t — 331) + R;. (Ql € C{t,z,x},R1 € (C{:L’,z})
Q1 = Q2t —x2) + Ry. (Q2 € C{t, 2,2}, Ry € C{x, 2})

Qr-1 = Qr(t —x) + Ry (Qr € C{t, 2,2}, By € C{w, 2})
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thay thé lan lugtQ_;(i = 1, ...,k — 2) vao @ ta dudge:
F = Qk(t—ﬂfl)(t—:l?g)...(t—LUk)—i-Rl—i-(t—iCl)RQ—i-...—|—(t—CE1>(t—ﬂ?g)—l—...—l—(t—(fk,l)Rk

do d6véi Q := Qk, R = Ri+(t—x1)Ro+...+(t—21)(t—x2)+...+(t —x)—1) Rk
ta co:
F=Q.(t —x)..(t — zx) + R.
Su duy nhat ctia Q va R sé dugc trinh bay trong phan chitng minh sau.
Buéde 8. Goi 6;(z) 1a ham ddi xting tht n ctia cic phan tit 1, ..., 2%, ta thé
y; = 6;(x) vao bicu thiic Py(t,y) = t* + yit* =1 + ... 4+
= (t —x1)(t — x9)...(t — ).
Tiép theo dat: F(t,z,x) = f(t, 2, 61(x),...,01(x)) khi d6 ta c6 thé chia

f(t, z,y) bdi mot da thitc tong quat nhu & bude 2 tic 1a :

ft,z,2) =Q(t,z,x)(t — x1)...(t — xx) + R(t, 2, x)

v6i Q va R ludn déi xtmg trude su hodn vi clia z1, ..., 7.
Ngoai ra, theo dinh 1y co ban ctia ham déi xting, ¢c6 mot ham chinh hinh
q(t,z,y) € C{t,z,y} va da thitc 7(t,2z,y) theo ¢t c6 bac nhdé hon k va hé sb

thudc vao C{x,y} sao cho:

q(t, z,01(x), ..., 06(x)) = Q(t, 2z, )
r(t, z,01(x), ..., 0p(z)) = R(t, 2, x)

tu d6 suy ra: F(t, z,x) = f(t, z,01(x), ..., 0(T))
= q(t, 2,00(2), ..., Op(2)) (¢* + 01 (2)t" 1 + o+ 0()) + (L, 2, 01(2), ... Ok ().
Mat khéc ta biét phép thé 6 : C — C 1a toan 4nh nén ta suy ra

f=qpr+r.
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Dinh ly 1.2.2 (Division theorem,[1], p.339).
Goi f,g € C{t, 2} va goi g la t—tong qudt bic k khi dé Iq € C{t, 2} vd da
thite r € C{z}[t] bdc <k —1 sao cho

r(t,z) = éqi(z)k’k_i, qi(z) € C{z}

vi f = q.g+r q,r ld zdc dinh duy nhdt .(Pinh 1§ ndy thudng dudc goi

la coéng thitc Weierstrass)

Ching minh. DPinh 1y nay duge chimg minh tit B dé trén.
Goi g la t— tong quat cap k, va goi f € C{t,z}, theo B6 dé 1.2.1 ta cé
thé viét ¢ va f dudi dang

f=a(t,z,y)px +7(t 2,y)
Trong dé 7,7 1a nhitng da thitc bac k — 1 véi hé s6 trong C{z,y}. Do dé ta
c¢6 thé thay thé y = y(z) sao cho 7(t, z,y(z)) = 0 tit d6 suy ra :
g(t,z) = q(t, z, y(t)).px v6i (4(0,0,0) # 0)
ft,2) = q(t, z,y(2)).px + 7(t, 2,y(2))
= 5.@’1.9 + 7.
Nhu vay néu gén q(t, 2) = q(t, z, y(2)).G Lg(t, z, y(2)) var(t, z) := 7(t, z,y(2))
thi ta c6 bieu dién f = q.g +r .
Bay gio ta chiing minh ¢, 14 duy nhat, that vy gid st f = q1.g + 11 =
qa.g + 12 suy rary —r2 = (g2 — q1).g
Mit khac cac k khong diém ciia g(t, z) chita trong lan cin ctia 0 € C véi
z dt nho, va da thtic 71(t,2) — ra(t, z) ¢6 bac < k — 1 va cé it nhat k khong

diém nén 71(t,2) —r2(t,2) = 0 suy ra r; = 79 Va q1 = go. N

Dinh ly 1.2.3 (Weierstrass preparation theorem,[1],p.338).

Goi g(t,2) = g(t, 21, ..., 2n) ld chuoi luy thia hoi tu to C{t, 21, ..., 2,} vd
goi g la t—tong qudt cap k. Khi dé ton tai u(t,z) € C{t,z} vd c;(z) € C{z}
sao cho

g(t,2) = (tF + e ()t + L+ er(2)u(t, 2)
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vdi ¢;(0) = 0 va u(0,0) # 0 vd ¢;,u la duy nhat.

Chitng minh. Goi g € C(t, ) 1a tong quat cap k, nghia 1a g(t,0) 1a chudi liiy
thita c6 dang ¢(t,0) = c.f* + ...+ (s6 hang cao hon theo t) véi ¢ # 0,theo Bo
dé 1.2.1 ta phéan tich:

g(t,z) = qt, z,y)(t" + 9"+ ) + (L 2,y) (1.2)
véi da thic
r(t, z2,y) = Ay(z, )t + 4 Az, y)
va g € C{t, z,y}
Muc dich ctia chiing ta 13 thay thé hé s6 tong quat v; clia pi bi ham chinh
hinh ;(2) sao cho s6 hang du r trong(1.2) la triét tiéu, dé lam dugc didu nay

truede hét ta phai chitng t6 dudc:

%(0;0) _ 0 neui >y (1.3)
Dy —cnéui=j
That vAy, néu ta cho y = z = 0 trong (1.2) va so sanh hé s6 ctia t°, ..., t* ta
duge: A;(0;0) = 0 va ¢(0;0;0) = ¢. Do vay (1.3) thdéa man.
Néu 2 vé ctia (1.2) khdc nhau va phu thude vao y; thi véi y = z = 0 ta co:
0= g;j(u 0,0)tkq(t,0,0)t" 7 + gil(o, 0t 4+ %Zlf(o, 0)
so sanh hé s6 cta 0!, .tk — 1) ta suy ra %—Z‘J’?(O,O) =0, 625;1 (0,0) =

o,...%;jﬂ(o,()) =0 va %—‘;‘;(0,0) = —¢(0,0,0) = —c. Vay (1.3) dudc chimg

minh.

Ngoai ra ma tran % 13 ma trdn tam gidc trén véi dinh thtc (—c)* # 0,
Y

J

nén tit phuong trinh A;(2,y, (t).., yx(2)) = 0,7 = 1, k va két hop véi gid thiét

cta dinh 1y ta két luin rang ton tai y; € C{z} véi y; = 0 sao cho

Ai(z,y1(2), . uk(2) =0),i =1,k

Néu chiing ta thé y = y(t) vao phuong trinh (1.2) va u(t, z) = q(¢t, 2, y(2))
ta duge g(t, z) = (tF + y1 ()" 1+ ...+ yr(2))u(t, 2)trong dé u(0,0) # 0, dicu

nay chimg té rang g la tich ctia da thitc Weierstrass va da thitc u.
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Tiép theo ta chiing minh u va da thitc Weierstrass pj, 13 duy nhat
Goi g(t,2) = u(th + e t" 1+ ...+ ¢x)
=a(th +eth .+ )
vagoi U =V x W lalan can cia 0 € C x C" v6i u va u khong triét tiéu trén
lan can nay.
T nghiém ctia da thitc khong phu thuoc vao cdc hé s6 nén tat ca cac k khong

diém ctia hai da thic

pe =t e (O + L+ er(2)
pp =t + a4+ L+ a(2)
nam trong V véi z dt nhé thude C* .
Tit v # 0, nén cic khong diém ciia g(t, z) nam trong V, nghia I hai da
thiic trén c6 cac khong diém tring nhau. Do dé véi z di nhd thi ¢;(2) = &(2)

dieu nay kéo theo ¢; = & va do dé u = @, hay pg, u 1& duy nhét. ]



Chuong 2

UNG DUNG

No6i dung ctia chuong nay 1a gii thiéu vé phép khai trién Puiseux va ap
dung Dinh Iy chuan bi Weierstrass (Pjnh lij 1.2.3 ) dé chimg minh sy ton

tai ctia phép tham s6 héa mot da thiic Weierstrass kha quy.

2.1 Khai trién Puiseux

Pinh nghia 2.1.1. Khai trién dang:

m2

mg my _m2
y = toxr o + tyxrom 4 foxmomine 4 L

trong dé (mg,n;) = 1,V¥i = 0,1, .. dugc goi la khai trién Puiseux ctia f trong

lan can cta diém (0, 0), cic cap (m;,n;) goi la cap s6 Puiseux clia f.
Ménh dé 2.1.2. Gid st f € Clz,y], y— tong qudt cip t, gid si
ro N
y = x9 (ty + xw0mn (ty...))

la mot khai trién Puiseux ciia f trong lan cin cia (0;0) khi dé hodc ld y c6
mot s6 hitu han phan tii, hodc la tdp cdc s6 nguyén {q;}i—o1 théa dicu kién

Ji € N*, Vi > ip.

2.2 Phép tham sb héa dudng cong

Pinh 1y 2.2.1. Gid st f la da thic bat khd quy va y— tong qudt cap m khi
dé ton tai lan can cia (0,0) sao cho trong lan cdn nay fcé moét phép tham

50 héa dudi dang
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Chitng minh. Theo Dinh Iy 1.2.3, ton tai duy nhat u € C*{x,y}, g € C{z}[y]
sao cho f = u.g, v6i g = Y™ + apm_1(2)y™ 1t + ... + a1(x)y + ap(z) va bat khi
quy trong C{z}[y].

Theo thuit toan Puiseux-Newton, ton tai nghiém ctia phuong trinh f(z,y) =
0 dudi dang y = y(z~v) € C{z~}.

Dit t = a7 < 2 = V. khi d6 f(tY, y(t)) = 0, dieu ndy suy ra ta phai
chiing t&6 N = m. Thét vay, dé ¥ rang y = y(:z:%) la mot nghiémetia phuong
trinh f(z,y) =0thiy; = y(ij%),j =0,...,N —1 la cac nghiém cta phuong
trinh f(z,y) = 0. Do d6 y = y(¢Jz~),j = 1,..., N 1 cdc nghiém ctia phuong
trinh g(z,y) = 0 suy ra

ha,y) =TI (v = y(¢'2¥) ) € Cla}y]

N

j=1

la wée cua g(z,y).
= Ju' € C{x}[y] : g =u'.h
= f=ug=uu'h .
Mat khac tit tinh duy nhat ctia Dinh 1y 1.2.3 ta suy ra ¢ = h do dé:
N it
=g= Il (v — y(¢'zv)) € C{a}y]
=m = N.
l
Hé qua 2.2.2. Xét f € C{z,y} la da thiic bat khd quy, m = multy(V (f)) (Quy

wde f la y— tong qudt cap m), khi dé x = 0 khong phdi la tiép tuyén cia
duong cong V(f) tai (O(0,0)).

Chatng minh. That vy mot phép tham s6 héa ctia z = 0 1a

= f(x(t),y(t)) = f(0,¢)
= Inty(V(f),z =0) = ord,f(0,t) =m
Suy ra x = 0 khong 1a tiép tuyén ctia dudng cong V(f). O
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