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LOI MO DAU

Topo dai s6 14 mot bo mon toan hoc mdéi mé va cic ky quan trong, nguoi
ta diing cong cu dai s6 dé nghien cttu cau tric cac khong gian topo . C6 nhiéu
két qua tha vi nhu ding cong cu topo dai s6 dé chitng minh dinh 1y diém bét
dong Brouwer, dinh 1y co ban ciia dai s6, dic biet két qua noi tiéng nhat dé 1a
gia thiét Poincaré,..

Trong khuon kho tiéu luan két thic bo mon, toi xin trinh bay mot s6 van
dé lien quan dén topo thuong déi véi mot anh xa, tiéu luan gom 2 noi dung
ciing v6i phan md dau, két luan va tai lieu tham khéo:

1. Khong gian topo thuong déi véi mot anh xa.

2. Ap dung chitng minh hai khong gian CP' va S? ddng phoi.

Maic dit ban than da rat c6 ging trong hoc tap, nghién citu va duge sy huéng
dan nhiet tinh ctia thay gido huéng dan, nhung do ning Iyc ctia ban than va
thoi gian con han ché nén tiéu luan kho tranh khoéi nhitng thiéu sét. Toi rat
mong nhan duge st gép ¥ ctia quy thay co va cac ban dé tiéu luan duge hoan
thién hon.

Cubi cling t6i xin chan thanh cdm on PGS.TS Nguyén Sum nguoi da tan
tinh giang day, gitp dé, ciing tap thé 16p cao hoc toan khoa 11 tao diéu kien

cho to6i hoan thanh tiéu luan nay.
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1 CAC KHAI NIEM VA TiNH CHAT CUA TOPO THUGNG

Dinh nghia 1.1. Cho X la khong gian topo , Y 1a tap hop khac rong, anh xa

f: X — Y la toan anh lién tuc, goi
U ={U CY,f(U) md trongX }
khi d6 % 1a topo trén Y goi la topo thuong déi véi f.

That vay:

e = f"1?) md trong X vay O € YU

e [M(YV)=X-mdé=Y €U.

o UpUy €U, f[TH(UINTL) = f~HU) N f~HUz) -m6 = Uy NU, € U.

o {(U,ieltCWU = f1(U)méViel, fi! (U Ui> = UfH(U) 1a
md, suy ra U U, € U ! ©

Diéu na}lfeéhﬁng t6 %y 1a topo trén Y.
Vi du 1.2.
e Khong gian xa anh thyc RP" = {Cé4c khong gian con 1 chiéu ciia Rt}
Xét phép chiéu p : R*™M\{0} — RP" p(x) = [x] = az,a € R, la toan &nh,
nén ta c6 RP" 1a khong gian topo vdi topo thuong doi véi anh xa p.
e Khong gian xa anh phitc RP" = {Cac khong gian con 1 chiéu ctia C"*1.}.
Tuong tu, xét phép chiéu q : C"*1\{0} — CP", ¢(x) = [z] = {az,a € R} la
toan anh vi ta cling c6 CP" 1 khong gian to véi topo thuong dbi véi q.
e (Cho X la khong gian topd ~ la quan hé tuong duong trén X, dat YV =
X/ ~ la tap thuong gom tat ca cic 16p tuong duong ctia x € X, khi d6 YV 13

khong gian topo véi topo thuong ddi véi phép chiéu p: X — Y.
Dinh ly 1.3. Cho X, Z la hai khong gian topo , Y la tip hop, f - X — Y
la toan cau, gid st rang Y la khong gian topo vdi topo thuong doi voi f khi dé

anh xa g : Y — Z lién tuc khi va chi khi go f : X — Z lién tuc.
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Chiing minh. (=). Theo gia thiét Y 1a kg topo véi topo thuong véi anh xa f
nén v6i U 1a tap md trong Y ta c6 f~1(U) 1a mé trong X nén f 1a anh xa lien
tuc.
Ngoai ra ta c6 ¢ lién tuc nén g o f lién tuc.

Ngugc lai, gid stt g o f lien tuc, véi moi V' md trong Z ta c6 :(go f)~1(V)
md trong X ,neén (go f)~1(V) = f~1(g~(V)) md trong Y, suy ra g~ (V') € U)
do d6 g7 (V) mé trong Y. Vay g lién tuc. O

Nhan xét 1.4. Topo thuong o trén tap thuong X/ ~ 1a to6po manh nhat lam
cho 4nh xa chinh tac f lién tuc. That vay, gid st o trén X/ ~ lam cho anh xa
chinh tic f lien tuc. Khi d6 bat ky G thuoc ¢ thi f~1(G)la tap mé trong X,

do d6 theo dinh nghia topo thuong thi G € o, vay o < o.

Meénh dé 1.5. Cho X la G-Khong gian (X la khong gian topo , G la nhém
topo ) khi dé phép chiéu m: X — X/G,w(x) = Gz la dnh za md.

Chatng minh. YU C X 1a tap md, ta co

7Y 7 (U) = {z € X | n(z) € n(U)}
={reX|yelU:n(zx)=n(y)}
={reX|dgeGyecY z=gy}
- {ngEJGgU

Tt 0, : X — X,0(z) = gx 1a phép dong phoi vd U mé trong Xnen gU trong
X. Do dé UG gU mé trong X, vay m(U) la md, hay 7 la 4anh xa mé.
g€

Dinh ly 1.6. Cho X la khong gian compact Hausdorff thi :

i)Néu G la nhém hiu han va X la G-khong gian, thy X/G la khong gian
compact Hausdorff.

it)Néu A la khong gian con déng cia X, tht X/A la compact Hausdorff.
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2 BAI TAP AP DUNG

Bai todn: Goi S™ = {€ R™!| ||z| = 1} 14 m#t cau n chiéu, chiing minh
rang :
1. Rp'=gs!
2. CPl=g2
Giar

1.Phép chitng minh tién hanh theo cac buéc sau:
Buwéc 1 ta xray dung tap thuong X/A, A C X.
Cho X la khong gian topo , A C X dinh nghia quan hé tuong duong trén
r=1y
r,y€e A

X nhu sau: Vo,y € X,z ~y &

Dé kiém tra duge ~ la quan hé tuong duong trén X,
{z}, x € A

Az e A
Suy ra: X/ ~=(X\A)U{A} =X/A

Bude 2 Ching minh S% /A= S
Dat X =St ={(z,y) e R%:,2? +y* =1,y > 0}., A= {(-1,0),(1,0)}
Xét anh xa f: S' — SL/A, f(x) = [z] ta ching minh f dong phoi .

Khi dé: Vo € X, [z] =

e f lién tuc va toan anh 13 hién nhien
e Chitng minh f don &nh V(z1, y1), (22, y2) € S, gid st f(xy,y1) = (22, y2)
< [(z1,1)] = [(22,12)]

dieu nay suy ra: (x1,y1) = (22,y2) hoic (z1,y1), (22,72) € A
Néu (z1,71) = (w2,92) thi f don 4nh 13 dung.
Néu (z1,y1), (z2,y2) € Athi [(z1,y1)] = [(z2,42)] = A diéu nay ciing ching t6
(x1,71) = (x2,y2). Vay f la don anh

Ngoai ra, S' 1a Hausdoff, S7 /A la compact nén f la dong phoi.

Vay S1/A = St
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Bude 3 Chitng minh RP' = S'. theo so do sau

5t
Y
St /A—~Rp!

Trong d6 p 1a phép chiéu 1a toan anh chinh tic, con f duge xac dinh nhu sau

flz,y) =[x :y] ={a(z,y),a € R}, dé ching minh duge f cing la toan anh.

Bay gio ta xac dinh g nhu sau:g[(x,y)] = [z : y].

Khi d6 V(z,y) € R?, g(p(z,y)) = gl(z,y)] = a(z,y) = f(z,y), vay gop = f.
Ngoai ra, f 1a toan 4nh nén g cling toan anh, ta can ching minh ¢ don anh:
V[(@1, yn)ls (w2, 30)] € S1/A | gid sit g[(z1,31)] = g[(22,92)]

< [(21: p1] = |22, 2]
& (z1,51) = a(22,1p), 0 €R

1 = X9
=

Y1 = ayz
Néu o = 1thi [(21,11)] = [(22, y2)] 1& ding,

Néeua#ltacoa? (3 +y5) =2 +yi=1=a=-1

T1 = —XT9

khi do
Y1 = —Y2
Do yo > 0 nén yo = 0 = x5 = 1 tix d6 suy ra (z1,y1), (z2,y2) € A hay

[(z1,91)] = [(%2, y2)] suy ra g don anh.
Mat khac ta ¢o :
f lién tuc, p lién tuc nén g lién tuc.
RP! 1a Hausdorff, S% /A 1a compact. Nén suy ra g la phép dong phoi.
Vay RP! = 51
2. Tuong tu nhu trén, dat X = 52 = {(z,y,2) e R, 2>+ y* + 22 = 1,2 > 0},
St ={(z,y,0) e R} 2?2 +¢y* =1}
Ta chiing minh CP! = S? nhu sau:
Trudc hét ching minh S? = §% /St
Xét anh xa f: 5% — S2/S% | f(x,y.2)=|(x,y,2)]
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Hién nhien f lién tuc v toan 4nh
Ta can chitng minh f don anh:

V(@1, 1, 21), (T2, Y2, 22) € S, gid st f(z1,51,21) = f(@2, 2, 22)

& (@1, 91, 21)] = [(22, y2, 20)]

(21,91, 21) = (22,2, 22) hodc (z1,y1, 21), (22,92, 22) € S
Néu (z1,y1, 21) = (29, Y2, 22) thi f don anh 1a ding.
Néu (x1,y1,21), (T2, Y2, 20) € Athi [(x1,91,21)] = [(72,92,22)] = A diéu nay
cling ching t6 (z1,y1,21) = (%2, Yo, 22). Vay f 1a don anh.

Vay 53 /51 = 52

Budc 2 Chitng minh CP' = S? theo so do

52

%\\<g\

Sy Y — G

(@, y, 2)[——((z + iy : 2))

Trong d6 anh xa f duge xay dung nhu sau:

f:83 CP!

(2, y,2) —((z + iy : 2))

dé chitng minh dugce f lién tuc va toan anh, khi dé goi

CP!

g:5%/5%

(z,y,2)— [z + iy : 2]

ta c6 dugc f = gop va do f 1a toan 4nh nén ¢ ciing toan anh. Ta can ching
minh g don dnh

V[(l’l,yﬂl, )]7 [($2,y2, 22)] S Si/si , gia su 9[(9517?/17 Zl)] = g[(xg,yg, 22)]
& [ +iyr : 21] = [12 + iy ¢ 29)
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S (1 +iy1)ze = (2 + iy2) 21
& (@ +y1)23 = (aF + i)
= (1—2{)2 = (1 — 2)4
= 2y =21
Néu 21 = 25 = 0 thi (21,9121, ), (T2, Yo, 22) € Si do do [(z1,y121, )] = [(w2, Y2, 22)]
Néu z; = 25 > 0 thi 71 = 29,91 = o do d6 [(x1,y121)] = [(72, Y2, 22)]
Diéu nay ching t6 g don anh.
Ngoai ra f, lien tuc,p lién tuc nén ¢ ciing lien tuc va S2 /St 1a compact ,CP?
13 Hausdorff nén ta suy ra dudc ¢ 1a phép dong phoi.
Vay CP!2 g2
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