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BAI TAP GIAI TICH HAM QUA CAC KY THI
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."‘ vn.cnm
Tdp tai lidu nhdé nay chi 13 sy tuyén chon céc bai tap vé khéng gian dinh

chudn thudng xuyén xudt hién trong cic dé& thi ctia PGS.TS. Nguydn Hoang.
Hau hét ching 13 nhiing bai don gidn ma méi hoc vién dé& dang gidi dugc.

1 Toan t& tuyén tinh lién tuc

Bai 1. Cho X,Y la hai khong gian tuyén tinh dinh chuan va A : X — Y la mot todn
ti cong tinh, tic A(x +y) = Az + Ay, vdi moi x,y € X. Chiing minh rang néu A lién
tuc tai 0 thi A lién tuc trén X.
Giai. Trudc hét ta co:

e A(0) = A(0+0) = A(0) + A(0) nén A(0) = 0.

e 0=A0)=A(z —z) = Az + (—2)) = A(z) + A(—x)
Suy ra A(—x) = —Az v6i moi z € X.

o Alx —y)=A(x + (—y)) = Az + A(—y) = Az — Ay, v6i moi z,y € X.

Lay bat ki 2 € X. Gia st #, — . Khi d6 2, — 2 — 0. Do A lién tuc tai 0 nén
A(xy —x) — A(0) = 0, hay A(z,,) — Az — 0. Suy ra A(x,) — Az. Vay A lién tuc
trén X. []

Bai 2. Cho X,Y la hai khong gian tuyén tinh dinh chudn thuc va A : X — Y la mot

todn tii cong tinh . Chiing minh rang néu sup ||Az|| < +oo P thi A la todn ti tuyén
[lz]|<1

tinh lién tuc trén X.

Giai. Ta dé dang ching minh dudc rang A(gz) = ¢Az, v6i moi ¢ € Q,z € X.
Tiép theo ta chiing minh A lién tuc trén X.
Cach 1 ( Gian tiép ) Gia st A khong lién tuc tai 0. Khi do:
1
Jep >0, Vn e N*, Jy, € X : ||yn|| < - va [|Ayn|| > eo

bat x, = ny, thi

Tpll = nllynl] < 75 = % < 1,Vn € N*. Tuy nhién
|A(zn)[| = [[A(nyn)| = nl|A(yn)|| > neo.
Suy ra sup ||Az|| > sup ||Az,|| > sup neg = +oo. Diéu nay mau thuan véi gid thiét.

||z||<1 neN* neN*

Do dé6 A lién tuc tai 0. Theo Bai[l| thi A lién tuc trén X.

INéu X 1a khong gian dinh chuan phae thi phai gia st A tuyén tinh
2Téng quat, A bién mdi tap bi chin trong X thanh mot tap bi chan trong Y
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Céch 2 ( Truc tiép Diat M = sup ||Az||. Lay bat ki z € X. Gi& stt 2, — x.

llzl|<1
V6i moi € > 0, chon K € N sao cho % < e.
Vi Kz, — Kz nén c6 ng € N sao cho ||Kx, — Kz|| < 1,Vn > ng. Suy ra ||A(Kz, —
Kx)|| < M, hay K||A(zy,) — Az|| < M. Do do6 ||A(z,) — Az|| < % < g,¥Yn > ng. Vay
A(zy) — Ax.

Cudi cling, v6i moi r € R, lay day (r,) € Q sao cho r, — r. Khi d6:

A(rz) = A( lim rpx) = lim A(rpz) = lim (r,A(x)) = (lim r,)Az = rAz

Vay A tuyén tinh. O

Bai 3. Cho X.,Y la hai khong gian tuyén tinh dinh chuan thuc va A : X — Y la
mot todn ti cong tinh . Gid st moi day (xy) trong X ma x, — 0 thi day (A(zy)) b
chan trong Y [l Chitng minh ring A tuyén tinh lien tuc trén X .

Giai. Tuong t1t cach 1 ctia Bai . (Day () duge chi ra la dan vé 0 nhung day (A(x,))
khong bi chin trong Y). ]
Bai 4. Ki hieu X = Cjoqy la khong gian cdic ham so lien tuc trén [0,1] vdi chuan
"maz". Anh za A: X — X zdc dinh bdi Az(t) = z(1) — ta(t),t € [0,1],x € X. Ching
minh A tuyén tinh lién tuc va tinh ||A|].

Giai. Dé dang chiing minh duge A tuyén tinh, lien tuc va ||A]] < 2.

V6i moi n € N*, dit

n(t) = -1 n?uogtgniﬂ
2(n+ 1)t —2n—1 néu 2y <t <1

Khi d6 =z, € X va ||zy]| = 1, v6i moi n, va ta co:

Al = sup [[Az|| = |[A(zn)]] = max |A(z)(t)]

llzl|=1 t€[0,1]
n n n n
> A = 1) — =1
= (x")(n—l—l) [z (1) n+1”””(n+1)‘ T
Cho n — oo ta dugc ||A|| > 2. Vay [|A|| = 2. ]

Bai 5. Ki hiu X = {z € Cjgqj|z(0) = 0} vdi chudn "maz". Anh za A: X — X zdc
dinh bdi Az(t) = z(1) — tz(t),t € [0,1],z € X. Ching minh A tuyén tinh lién tuc va
tinh || A]|.

Giai. Tuong tu Bai[4 véi day ham

+1 <
n(l) = —t nfuogtgniﬂ
2n+1)t—2n—1 neu ;i <t <1

3Nguyén Em - K16
4Néu X la khong gian dinh chuan phic thi phai gia sit A tuyén tinh
5Téng quét, A bién mdi day bi chin trong X thanh mot day bi chan trong YV
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Bai 6. Ki hieu X = {z € Cpy)|x(0) = z(1) = 0} vdi chuan "maz". Chitng minh cdc
dnh xa A: X — X sau day la tuyén tinh lién tuc va tinh ||A||:

a) Az(t) = z(t) + =(1 —t),t € [0,1],z € X.
b) Az(t) = z(t) —z(1 —1t),t € [0,1],2 € X.
c) Az(t) = t?x(t),t € [0,1], 2 € X.

Giai.

a) RO rang A tuyén tinh, lién tuc va ||4]| < 2.
Xét ham s

o2t néu 0 <t
zo(t) = { B

Khi do6 ||zo|| =1 va ta co:

1 1 1
1Al = sup [[Az][ > [[A(zo)[| = max [A(z0)(t)] = Azo(3) = z0(5) + 20(5) = 2.
[|z||=1 t€[0,1] 2 2 2

Vay [|A]] = 2.

b) [|A|| = 2. Tuong tu a) v6i ham

3t néu()gtg%
zo(t) = —6t+3 néui<t<32
3t—3 mnéui<t<l
Khi do6 ||zo|| =1 va ta co:
| A(z0)|| = max |A(zo)(1)] > Azo(2) = zo(x) — z0(2) =1 — (—1) = 2
T = Imax X Tol—) = Zol=—) — Tol—) = — (— = Z.
O o O = A0k 0l3/ — 043
c) Ro rang A tuyén tinh, lien tuc va ||A|| < 1.
V6i moi n € N*, dat
+1 4
nlt) = ”Tt nSuOgtgnLH
—(n+1t+n+1 neu 5 <t<1

Khi d6 z, € X va ||z,|| =1, v6i moi n. Ta co:

2

n n n
A(xy)|| = Azn) ()] > Azp(——) = (— )z, = :
Al = max |4 (O] > den(20) = () = =

Suy ra

2

n
Al|l = sup ||Az|| > ||A(zy)]|| = .
41l = sup 1] 2 1Al = g

Cho n — oo ta dugc ||A|| > 1. Vay ||A|| = 1.
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Bai 7. Ki hiéu X = C|_; ). Ching minh phiém ham tuyén tinh f: X — R sau day

la lien tuc va tinh || f]|:
0 1
fz) = /x(t)dt—/x(t)dt.
-1 0

Giai. RO rang f tuyén tinh, lien tuc va ||f]| < 2.
V6i méi n € N*, dat
1 néu —1<¢t< -1
zp(t) =4 —nt néu-i<t<i
-1 mnéuil<t<l

Khi d6 z,, € X va ||z,|| = 1, v61 moi n. Ta co:

1
1l = sup |f(@)] > |f(zn)] =2~
l|z||=1 n
Cho n — oo ta duge [|f|| > 2. Vay ||f]] =2. .

Bai 8. Cho f: X — K la mot phiém ham tuyén tinh khdc 0.
a) Ching minh ton tai khong gian con mot chiéu E sao cho X = Kerf @ E.
b) Chitng minh ring Kerf déng hodc Kerf tru mat khap noi trong X.
¢) Dat F = f(B'(0x,1)). Chiing minh rang F bj chdn hojc F = K.

Giai.

a) Do f # 0 nén c6 zo # 0 sao cho f(xg) # 0. Dat E = ({z¢}) thi F la khong gian
con 1 chiéu ctia X. Ta chitng minh X = Kerf @ E.
V6i moi z € X, dat y = z.f(xg) — zo.f(x) thi f(y) =0 nén y € Kerf. Theo cach
dat & trén thi

@
"= ) ™ CROTTE

Vay X = Kerf + E.
Mat khac, néu y € Kerf N E thi f(y) =0 va y = k.zg. Suy ra
0= f(y) = f(kzo) = kf(x0)
=k=0(do f(zg) #0) =y =0
Vay KerfnE = {0}.
Do d6: X = Kerf @ E.

b) Néu f lien tuc tréen X thi Kerf = f~1({0}) la tap dong.
Gia st f khong lién tuc trén X. Ta chiing minh Kerf = X.
Do f tuyén tinh nén f khong lién tuc tai 0, ttic ton tai eg > 0 sao cho

1
Vn e N, Jz, € X : ||z,]] < - va |f(xn)| > eo
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V6i moi =z € X, dat y, = —Lw)).a:njo thi f(y,) =0 nén y, € Kerf, ¥n € N. Va

flz
ta co:
== L g = Ly MO

Vay y, — . Do d6 X = Kerf.

¢) Néu f lien tuc tréen X thi f bién mdi tap bi chin trong X thanh mot tap bi chan
trong K, do d6 F' bi chan.
Gia st f khong lién tuc trén X. Ta ching minh F = f(B'(0x,1)) = K.
Lay bat kiy € K. Néu y =0 thi c6 2 =0 € B'(0x,1) sao cho f(z) =y
Xét y #0. Do f khong lién tuc tai 0 nén c6 ¢y > 0 sao cho véi

€0 €0 .
0=—,3r; € X :||x1]| < — va |f(z1)| > €0

|yl |yl
Dat » = sy thi [|z]| = AL |le]] < W& = 1, titc 2 € B'(0x, 1) va f(z) = v.
Vay F = K.

]

Bai 9. Cho X la mot khong gian dinh chudn va f € X*, a € K |§| Chiing minh f lién
tuc trén X khi va chi khi f~1(a) = {z € X|f(z) = a} déng trong X.

Giai. Néu f lién tuc thi hién nhien f~'(a) 1a tap dong.
Nguogc lai, gia st f~!(a) 1a tap dong va f khong lien tuc tai 0. Khi d6 c6 g5 > 0 sao
cho )

Vn e N, Jz, € X : ||z,]] < - va |f(zn)] > €0

bat
Tn L
= { a—g(xn) ) n?u a#0
n 1 o —
T Ty Mewa=0
Khi d6 y, € f~1(a), v6i moi n. Tuy nhién day (y,) hoi tu vé y ¢ () [] Diéu nay
mau thuan véi f~'(a) 1a tap dong.
Vay f lién tuc trén X. ]

Bai 10. Cho X la mot khong gian dinh chuan va f € X*, a la mot s6 thuc bat k.
Chitng minh f lién tuc trén X khi va chi khi f='([a, +o0)) = {z € X|f(x) > a} déng
trong X.

Giai. Néu f lien tuc thi hién nhien f~'([a, +00)) la tap déng trong X.
Ngugc lai, 1ap luan tuong tu Bai @ v6i day y, = (a — 1)% + % Ta c¢6 f(yn) = a

néen y, € f~(a, +00)), v6i moi n. Tuy nhién y, — y = (a — 1) ~a, +00)) (vi

fly) =a—1¢ [a,+00)). -
6K — R hotic K = C
7y:0khia7£0,y:—%khia:0


http://mathvn.com

MATHVN.COM - BAI TAP GIAI TICH HAM QUA CAC KY THI

Bai 11. Cho f: X — K la mot phiém ham tuyén tinh théa man

sup [ f(z) = f(y)| =

z,yeB’(0,1)
Chitng minh f € X* va tinh || f|].
Giai. V6i moi x € B/(0,1) thi —z € B’(0,1) nén:

Af (@) = [f(@) = f(—)| < swp  |f(2)— Fly)| =

x,y€B’(0,1)

N3

z€B’(0,1)

,
= |f(@)| < 5;& Ifll = suwp [f(2) <
Mt khac, v6i moi z,y € B'(0,1) ta co:

[f(x) = F)l = [f(z =yl < [[flllle = yll < NFCl ]+ Tyl < 2[17

Suyrar= sup |f(z) = ()] <2If]l, do d6: § <||f|I. Vay [If]| = 5. 0
z,y€B’(0,1)

Bai 12. Cho f € X* va f # 0. Dat o = inf{||z|||]x € X, f(x) = 1}. Ching minh
11l =5

Giai. Dat A ={z € X|f(x) = 1}. V6i moi z € A ta co:

1= 1) < 1Al = 7 <l

Suy ra ﬁ Sggg“x” =a. Do do L <1l
Mat khac, v6i moi x € X ma ||z|| =1 va f(x) # 0 ta co f(%) =1nén -+~ € A. Do

flx)
1 el Lo
X

a < ||—2
U f(w)
Do vay ||f|| = ||Sﬂ91|f(x>| <1

o’

Bai 13. Cho f € X* va f # 0. Ching minh rang vdi moi a € X ta ¢6 d(a, N) = ()
trong do N = Kerf.

Giai. [ Néu a € N thi déng thitc hién nhien ding. Xét a ¢ N.
V6i moi y € N, ta co

8Tt day suy ra f lien tuc

9Khi f(z) = 0 thi bat déng thitc nay hién nhién ding

10Bai nay c6 kha nhiéu cach giai, mot trong s6 d6 nim & trang 111 - sach Bai tap Gidi tich ham cta
Nguyén Xuan Liém
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V6i moi z € X ma ||z|| =1 va f(x) #0, tadat y = a — Jla) 2 Khi d6 f(y) = 0 nén

f(z)
y € N. Do dob
a a
da. V) < lla =l = |5 5%all = L (do el = 1)
Suy ra | f(x)| < QL [1] Tir do |11 < 9L, hay d(a, ¥) < 4l O

Ta con gdp mot sd bién tudng clia bai tdp ndy nhu sau

Bai 14. Cho f € X* va f #0, dat N = Kerf, « ¢ N. Gid si ton tai y € N sao cho
d(x,N) = ||z — y||. Chiing minh rang ton tai xo € X, ||xo|| = 1 sao cho ||f|| = | f(zo)].

Giai. Theo Baill3 thi

2 =yl = d(a, &) = L@ ol /@) = F()]

A1) A1)
Suy ra [f(z —y)| = |[f[lllz = yl|. Dat zo = = ta dugc |f(zo)| = |If]]- 0

Bai 15. Cho X la khong gian Hilbert, a € X,a # 0. Khi do vdi moi x € X ta co
d(z, N) = 29 trong dé N = ({al)*.

llall

Giai. Day la hé qua truyc tiép ctia Bai . Tuy nhién ta c6 thé gidi mot cach ngin
gon nhu sau.
Yy € N, ta co:

[, a)| LB (x =y, a)| < ||z = yll[|al]
Suy ra K29l <12 — y||. Do do6 L&al < q(z, N).

llall llall

Mat khdc, néu dat » =z — {Eita thi z € N vi (z,a) = 0. Do d6

(z, a) [{z, @)

| = :
lalf? |lal]

d(z, N) < [|z — z[[ = |

2 Nguyén 1y bi chan déu

Bai 16. Cho X,Y la hai khong gian dinh chuan, (Ad)aer la mot ho cdc todn tii tuyén
tinh lien tuc tu X vao Y. Chimg minh cdc khdang dinh sau la tuong dmm

a) Ve > 0,36 >0: Vo € X,Va € I,||z|| < = ||Aa(z)]| < €

b) AN >0:VacI,||A.|| <N

"UDo 2 ¢ N va N déng nén d(z.N) > 0

2pé vy € Kerf

13pé y y € N nén (y,a) =0

MNhu vay hai khai niem dong lién tuc déu va bi chin déu la tuong duong
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Giai. a) = b) Lay c6 dinh gy > 0. Khi d6, ton tai §y > 0 sao cho
||zl < do = [|Aa()]| < e0

Dat 6 = min(1,60) thi 6 <1 va d <. Do d6
|| Aq ||:1f|sup [|Aa(2)]]| < &0
|Jz]|<d

Dat N = ¢ thi ta co b).
= £. Khi d6, néu ||z|| < § thi

b) = a) Ve >0, dit 0

9
Aa(@)l] < [|Aalllle]l < Nzl < N6 =N+ =€

]

Bai 17. Cho X,Y la hai khong gian dinh chuan, (Aa)aer la mot ho cdc todn ti tuyén
tinh lien tuc tw X vao Y. Chitng minh cdc khang dinh sau la tuong duong

a) Ve € X, Vy* € Y* : sup [y*(Aaz)| < 400
ael

b) Vxr € X :sup||Azx|| < +o0
acl

Gidi. a) = b) Dé ¥ y*(Aaz) = Auz(y*). Lay bat ki z € X, theo gia thiét thi day
(Aa)acr | °|1a mot day bi chan ting diém. Do Y* Banach nén day (Aax)aer bi chan

déu, tiic sup ||Az|| < +oo.
acl
b) = a) Hién nhién. (Bi chin déu suy ra bi chan titng diém). O

Bai 18. Cho X la mot khong gian Banach, Y la khong gian dinh chuan, va M la mot
tap con ciia L(X,Y). Ching minh cdic khang dinh sau la tuong duong

a) Ve € X, Yy* € Y*: sup |y*(Ax)| < 400
AeM

b) M la tap bi chan trong L(X,Y)

Giai. b) = a) Hién nhién.
a) = b) Theo Bai , tir gid thiét ta suy ra sup ||Az|| < 400, Vz € X.
AeM

Do X Banach nén theo nguyén ly bi chin déu ta c6 sup ||A|| < +oo, nghia 1a M 1a
AeM
tap bi chan trong £(X,Y). ]

Bai 19. Cho X,Y la hai khong gian dinh chuan, (A)aer la mot ho cdc todn tii tuyén
tinh lien tuc tw X vao Y. Véi moin € N*, dat Cy, = {z € X| sup||Aa2)|| < n}. Ching
acl

minh néu sup||A || = 400 tht int(Cy) =0, Vn € N*.

15C6 thé chitng minh dugde ring néu § < 1 thi [|A]| = sup ||A(z)]|
=]l <d
16Xem nhu 13 mot day trong Y** viY C Y**

17K Banach nén Y* = L(Y, K) Banach
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Giai. Gia st ¢6 ng € N* sao cho int(C,) # 0. Khi d6 ¢6 hinh cau md B(zg, ) C Ch,.
Ve e X, x#0, ta cod xg+ 2H$H € B(xg,r). Suy ra

[ Aa(zo + 5| < ng
2H |
7"
4ng 4dnyp
= [[Aa(@)|] < —=llzl] = |l4all = ==

Do dé sup||Aa|| < +oo. Diéu nay mau thuan véi gid thiét. Vay int(C,) = 0, Vn €
acl

N*. O
Bai 20. Cho X,Y la hai khong gian dinh chuan va (Ag)aer C€ L(X,Y). Dit A= {z €
X|sup ||Aqz|| < 1}. Chitng minh rang
acl
a) Néu int(A) # 0 thi sup ||Aa|| < +oo (tic (Aa)aer bi chan déu).
acl

b) Néu int(A) # 0 thi 0 € int(A).
Giai.
a) Hoan toan tuong ty Bai .

b) Theo cau a) ta c6 K = sup||A,|] < +oo.
acl

Gid st 0 ¢ int(A), khi d6 ¢6 = € B(0, 5z) va z ¢ A. Suy ra
dael:||Ax(z)]| > 1

Do do . )
1 <A < ||Aqs <K K— —
< JlAal@)ll < Aallle] < K] < K o = 2
Diéu nay mau thuan. Vay 0 € int(A).
[]

Bai 21. Cho X la mot khong gian Banach, F la mot tap déng, hap thu chita trong
X. Chiing minh int(F) # 0.

Giai. Do F hap thu nén véi moi z € X, ta c6 thé chon n, € N sao cho z € n,F. Suy
ra
X = |J n.F.

Dé y ring {n.|r € X} ¢ N nén hop trén la dém duge. Do X 1a khong gian Banach
nén n6 thuoc pham tru II, vi vay ton tai ng sao cho int(ngF) # 0.

Do F déng nén ngF' déng, suy ra int(ngF) # 0, titc ¢6 hinh cau mé B(xg,7) C noF,r > 0.
Tu day ta c6 B(% C F. Vivay int(F) # 0. O

no ’no)

¥Pau Anh Himg - K16
YTap F C X dugc goi 1a hap thy néu v6i moi # € X, ton tai A > 0 sao cho véi moi a € K, |a| > X thi
r € aF
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3 Nguyén ly anh xa md - Dinh 1i d6 thi déng

Bai 22. Cho X la mot khong gian Banach, f la mot phiém ham tuyén tinh lén tuc
khac 0. Chiing minh f la anh xa md.

Giai. Theo nguyén ly anh xa md, ta chi can ching minh f toan anh la du.

Do f # 0 nén c6 zg € X sao cho f(zg) # 0.

Vr e K, dat x = %.wo thi f(x) = %.f(a:o) =r

Vay f la toan anh. O

khong gian Banach va ||.||1 < K.||.||2, vdi K la mot s6 duong. Chiing minh hai chudn
nay tuong duong.

Giai. Do ||.|l1 < K||.||2 nén id : (X, ||.|[1) — (X, ]|.]|2) lién tuc trén X. Mat khac, id
14 song anh. Theo hé qu clia nguyén 1y anh xa md thi id 13 mot phép dong phoi. Do
d6 hai chuan nay tuong duong. ]
Bai 24. Ki hiéu X = C’[lo 1 la khong gian gom cdac ham so6 khd vi lién tuc trén [0,1].
Vi moi v € X, ta dat

1
l2lly = max |/(8)] + [2(0)], |lz]l2 = / 2 4 12 ()2 dt) 2
te[0,1]
0

Chitng minh (X, ||.||1) la mot khong gian Banach va hai chudn da cho khong tuong
duong. Suy ra (X,||.||2) khong phai la mot khong gian Banach.

Giai. Ta dé dang kiém tra duge (X, ||.||1) 14 mot khong gian Banach.
V6i moéi n € N*, dit x,(¢) = \F,te [0;1] thi x, € X. Va ta c6

|2n|l1 = m[ax] ’\/ﬁtn_” + 10| = v/n — oo khi n — cc.
te(0;1

Tuy nhién

1
t2n 9 1 n 1.
— + a2 = — kh .
[nll2 = / n T ) n(2n+1)+2n—1—)\/§ P e
0

Vay day (zp), bi chan trong (X, ||.||2) nhung khong bi chén trong (X, ||.||1). Do d6 hai
chuan nay khong tuong duong.
Tiép theo, ap dung cong thic s6 gia hitu han ta chitng minh dugc

Vo € X, ||z]la < V2 [|a]]r.

St dung Bai [23| ta suy ra dugc (X, ||.||2) khong phai la mot khong gian Banach. [

20Tq hay ding mot két qua tuong duong véi bai tap nay la: Néu hai chudn dé khong tuong duong thi
(X, 111)5 (X, ]]-]|2) khong thé cing Banach
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Bai 25. Cho X,Y la hai khong gian Banach, A : X — Y la dnh xa tuyén tinh sao
cho y*A € X*, vdi moi y* € Y* . Ching minh A lién tuc.
Giai. Ta chitng minh A c¢6 do thi G4 dong.
Lay day (zn, Az,) — (z,y). Gid st y # Az. Khi d6 theo hé qué ctia dinh 1i Hahn-
Banach, ton tai g € Y* sao cho g(Az —y) # 0.
Mat khac ta co

g(Ax —y) = g(Ar — lim Az,) = g( lim (Az — Azy)) = lim gA(x — x,) = 0.

n—o00 n—oo

n—oo

Diéu nay mau thuan. Vay y = Az. Suy ra G4 dong. Theo Dinh 1i dd thi dong thi A
lién tuc. [

4 Dinh li Hahn - Banach

Bai 26. Cho X la khong gian dinh chuan. Ching minh rang () Kerf = {0}.

feXx~
Giai. Lay bat kiz € () Kerf. Khi do6 ta c6 f(x) =0, v6i moi f € X*. Theo hé qua
fex=
cua Dinh 1i Hahn - Banach ta ¢6 = = 0. O

Bai 27. Cho x1, 29, ...,x, la n vecto doc lap tuyén tinh trong khong gian dinh chuan
X. Chiing minh rang ton tai f € X* sao cho f(x;) # f(x;) khii# j.

Gidi. Véi méi i € {1,2,...n}, dat L; = ({a;]j # i}) thi L; la khong gian hitu han

chiéu nén 13 khong gian con déng ctia X. Do hé {z1,zs, ..., 7, } doc 1ap tuyén tinh nén
x; ¢ L;. Theo dinh 1i Hahn - Banach, ton tai f; € X* sao cho

filwi) =i VA filw;) = 0,Y) #
Dat f = fi+ fo+ ...+ fo, ta co f(z;) =4,Vi € {1,2,...,n}. Do d6 f(z;) # f(z;) khi
i # ] ]
Bai 28. Cho M la mot tap con ciia X va xg € X. Chaing t6 rang zo € (M) khi va chi
khi vdi moi x* € X* théa diéu kién z*(M) = {0} thi 2*(x0) = 0.
Giai. (=) : hién nhién.
(<) : Dat Y = (M). Gia st 79 ¢ Y, khi d6 d(zo,Y) > 0. Theo Dinh 1i Hahn - Banach,

ton tai z* € X* sao cho 2*(Y) = {0} va 2*(z¢) = 1. Do M C Y nén z*(M) = {0} va
2*(xg) = 1. Diéu nay mau thuan véi gia thiét. Vay =g € Y O

5 Mot sé dé thi Giai tich ham

Muc nay sé& giéi thidu céc d& thi Gidi tich ham cla PGS.TS Nguyén Hoang danh
cho sinh vién Dai hoc va hoc vién Cao hoc cua Dai hoc su pham Hué trong
10 n3m qua. C6 thé thiy ring sy tring l3p cac cdu hdéi 1a day dic.

21C6 thé han ché diéu kien nay thanh: Moi day (z,,) trong X sao cho z,, — 0 thi y*(Az,) — 0, Vy* € Y*
2Trong Dinh li Hahn - Banach ngudi ta chon phiém ham g; € X* sao cho g;(x;) = 1. Khi d6, néu dit
fi; = ig; thi ta dugc phiém ham f; nhu trén
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5.1 Danh cho sinh vién nam 4
Nam hoc 1997-1998

Cau I. Ki hieu X = {z € Cy j|z(0) = x(1) = 0}. V6i moi = € X, ta dat

||z[| = r[%jal?lx(t)l

1. Ching minh (X, |[.||) 1& mot khong gian Banach.

2. Dt A: X — X la anh xa xac dinh béi & — Az, trong d6 Az(t) = 220D

Chiing minh A € £(X) va tinh [|A]].

Cau II. Ki hieu X la khong gian Banach va Y 1a khong gian dinh chuan.

1. Phét biéu nguyen li bi chan déu déi véi day céc toan tit (A, )neny C £(X,Y). Chiing

minh rang néu véi moi x € X ton tai Az = nlgr;o Apr thi A€ L(X,Y).

2. Cho (zp)neny € X. Gid st v6i moi z* € X* ta c¢6 sup |2*(z,)| < +oo. Chitng minh
neN

sup ||zp|| < +o0.
neN

Cau III. Cho X la mot khong gian Banach.
1. Gid st f: X — R I3 mot phiém ham tuyén tinh théa man dieu kién: v6i moi day
(Zn)nen C X, @ — 0 thi day (f(zp))n bi chan. Ching minh f € X*.
2. Cho f € X* va f # 0. Chting minh rang néu G 13 tap md trong X thi f(G) 1a tap
mad trong R.
Cau IV. Cho H la mot khong gian Hilbert.
o
1. Cho {x1,z9,...,7,} 12 mot he tryc giao trong H. Chiing minh réng chudi 3 z, hoi
n=1
oo
tu trong H khi va chi khi chudi s6 Y ||z,|? hoi tu.
n=1
(0. 9]
2. Cho (en)n 1 mot co sé trie chuan ctia H va (&), C R sao cho 3 |&,)? < +oo.
n=1
Ching minh rang ton tai duy nhat » € H nhan (&,), 1a hé s6 Fourier d6i véi (e )y.
3. Cho (en)n 1& mot co sé truc chuan cia H va A € £(H) 1a mot todn tit compact.
Ching minh A(e,) — 0 trong H khi n — oc.

Nam hoc 1999-2000

Cau I. Ki hiéu X = M) 1a tap cdc ham s6 xac dinh va bi chan trén [0,1]. V6i mbi
r € X, ta dat

||| = sup [« (t)]

[0,1]

1. Chitng minh (X, ||.|]|) 1&a m6t khong gian Banach.
2. bat A: X — X la anh xa xac dinh béi x — Az, trong d6 Az(t) = z(0) + tz(t).
Ching minh A € £(X) va tinh ||A]|.
Cau II. Cho X la mot khong gian dinh chuan.

1. Cho f € X* théa man didu kien  sup  |f(z) — f(y)| = . Tinh ||£]].
z,y€B'(0,1)

2. Cho x1, 3, ...,z, & n vecto doc lap tuyén tinh trong khong gian dinh chuan X.
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Chiing minh rang ton tai f € X* sao cho f(z;) # f(x;) khi i # j.

Cau III. Cho X la mot khong gian dinh chuan vd f € X*. Chting minh f lién tuc
trén X khi va chi khi {z € X|f(z) = 1} la mot tap déng trong X.

Cau IV. Cho H la mot khong gian Hilbert.

1. Cho A la mot tap con khac rong ctia H. Dat M = (A). Gia stt € H va (z,y) = 0,
v6i moi y € A. Chitng minh = € M+

2. Cho (en)n la mot co sé truc chuan trong H. Chtng minh rang v6i moi « € H, chudi

[0.9] o0

S (x, en)en hoi tu va [|z])2 = 32 |(z,en)|? Suy ra e, — 0.
n=

3.

1 n=1
bat A: H — H xac dinh bdi
[0.9]
Ve e H, Az = Z(x, en)en

n=1

Ching minh A € L(H), tinh ||A|| va tim toan tit lién hiép cua A.

Nam hoc 2000-2001

Cau I. Ki higu X = {z € Cjo 1|z(0) = z(1) = 0}. V6i mdi z € X, ta dat

||[| = max | (t)]
1. Chiing minh (X, ||.|]|) 1& mot khong gian Banach.
2. Dit A: X — X la anh xa xdc dinh bdi z — Az, trong d6 Az(t) = Z0H200,
Ching minh A € £(X) va tinh ||A]|.
Cau II. Cho X,Y la hai khong gian dinh chuan, (A4 )eer € £(x,Y). Chitng minh hai
ménh dé sau 1a tuong duong

a) Vr € X, Yy* € Y* :sup ly*(Aax)| < 00
acl

b) Vx € X : sup ||Azx|| < +o0
acl
Cau III. Cho X la mot khong gian Banach.
1. Gid stt f: X — R 1a mot phiém ham tuyén tinh sao cho f~!(—co,0) va f~1(0, +-00)
la mé trong X. Ching minh f € X*.
2. Cho f € X* va f # 0. Chting minh rang néu G 1 tap md trong X thi f(G) 1a tap
mad trong R.
Cau IV. Cho H la mot khong gian Hilbert.
1. Cho (en), 1a Mot co 86 trie chuan ctia H va (£,), C R sao cho Y |6, < +o0.
n=1
Chitng minh rang ton tai duy nhat z € H nhan (&,), 14 hé s6 Fourier doi véi (ep)n.
2. Cho A € L(H) la mot toan tit compact va A # 0 la mot gia tri riéng ciia A. Chiing
minh rang tap
N(A)) ={x € H|Az = Mz}

14 mot khong gian con hitu han chiéu ctia H.
3. Cho M, N la hai khong gian con dong ctia H sao cho M L N. Chitng minh M + N
la khong gian con dong cua H.

13
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Nam hoc 2001-2002

Cau I. Cho (X,]||.[[1), (Y;]|.]|2) & hai khong gian dinh chuan. Dit Z = X x Y. Véi
méi z = (z,y) € Z, ta dit
21l = fll[x + llyll2

1. Chitng minh [|.|| 14 mot chuan trén Z.

2. Chiing minh (Z,]|.||) 1&a mot khong gian Banach khi va chi khi X va Y Banach.

Cau I1.Cho ey, es, ..., e, 12 n vecto doc lap tuyén tinh trong khong gian dinh chuan

X.

1. Ching minh réng ton tai cadc phiém ham f; € X*,i =1,...,n sao cho fi(e;) = d;;.

2. Ki hieu M = ({e1,e2,...,e,}) va dat A : X — X, Az = ) fi(z)e;. Ching minh
i=1

Ae L(X)va X =M KerA.

3. Gid st f : X — R la phiém ham tuyén tinh théa man diéu kién {z € X|f(z) > 1}

la mot tap dong trong X. Ching minh f € X*.

Cau III. Cho H la mot khong gian Hilbert.

1. Cho (en), 1& mot co sé tryc chuan ciia H. Chitng minh triyc tiép hai ménh dé sau

la tuong duong

a) Ve € Hyx = > (x,ep)epn.

n=1

b) Vo € H,[[z|[> = 3 [(z,en)|*.
n=1
2. Chou,ve H va A: H— H xac dinh bdi

o0
Vo € H, Az = Z(x,u)v

n=1

Ching minh A € £(H) va tim toan tit lién hiép cta A.
o0
3. Cho (ep)n 1a mot co 86 tric chuan ctia H. Cho B € L(H) sao cho chudi Y || Bey|[?

n=1
n

hoi tu. V6i moi n € N, dat B,z = > (x,ex)Beg, Vo € H. Chting minh B, la toan tu
k=1
compact, suy ra B cing la toan tit compact.

Nam hoc 2002-2003

Cau I. Ki hieu X = M[% 1 la tap cac ham s6 xac dinh va bi chan trén [0,1] sao cho

z(0) = z(1) = 0. V6i moi = € X, ta dat

||[| = sup [ (t)]
[0,1]

1. Chiing minh (X, ||.|]|) 1&a m6t khong gian Banach.

2. bat A: X — X la anh xa xac dinh bdéi z — Az, trong d6 Az (t) = z(1 —t) — tx(t).
Ching minh A € £(X) va tinh ||A]|.

Cau II. Cho X,Y la hai khong gian dinh chuan va A € £(X,Y).

14


http://mathvn.com

MATHVN.COM - BAI TAP GIAI TICH HAM QUA CAC KY THI

1. Xét hai phuong trinh
Ar=y (1) va A%y =z (2)

Gia st rang v6i moi y € Y, phuong trinh (1) (an 1a z) c¢6 it nhat mot nghiém trong
X. Chitng minh ring véi moi #* € X*, phuong trinh (2) (an 1a y*) c6 nhiéu nhat mot
nghiém trong Y™*.

2. Gldstazpe X va  sup ||Az — Ay|| = o. Tinh ||A]].
z,y€B’ (z0,r)

Cau III. Cho f la mot phiém ham tuyén tinh trén khong gian dinh chuan thuc X.
Chitng minh rang f lién tuc khi va chi khi tap {z € X|f(x) > 0} 1A md trong X.
Cau IV. Cho H la mot khong gian Hilbert.

1. Cho A 1a mot tap con khéc rong ctia H. Dat M = (A). Gid st z € H va (z,y) = 0,
v6i moi y € A. Chitng minh 2 € M+,

2. Cho (en)n la mot co sé truc chuan trong H. Chiing minh tryc tiép rang v6i moi
r € H, chudi Z (x,en)en 2 |(z,e,)]?. Suy ra néu C € L(H) 13 toan

n=1 n=1
tt compact thi Ce, — 0,n — oo.
3. bat A: H — H xac dinh bdéi

o0

Vo e H, Az = Z(x, €n)ent1

n=1

Ching minh A € £(H) va tim toan tit lién hiép cta A.

Nam hoc 2003-2004

Cau I. Ki hieu X = M) 1a tap cdc ham s6 xac dinh va bi chan trén [0,1]. V6i mbi
xr € X, ta dat

||| = sup |2(t)]

[0,1]

1. Ching minh (X, |[.||) 1&a mot khong gian Banach.
2. Ki hieu Y = {z € C)yy|z(0) = x(1) = 0}. Ching minh Y 1a mot khong gian con
dong cua X.
Cau II. Cho X la mot khong gian dinh chuan thue.
1. Cho f: X — K 1a mot phiém ham tuyén tinh thdéa man

sup  [f(z) = fly)| =7

z,y€B’(0,1)

Ching minh f € X* va tinh || f||.

2. Gid st (z1)n VA (fn)n 12 hai ddy co ban trong X va X*. Chiing minh rang (f.(z,))n
la mot day hoi tu.

Cau III. Cho f: X — K 13 mot phiém ham tuyén tinh khac 0.

a) Dat N = Kerf. Chting minh rang N = N hodc N = X.
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b) Chitng minh ring néu dim X = oo thi ton tai cac phiém ham tuyén tinh khong
lién tuc xac dinh trén X.

Cau IV. Cho H la mot khong gian Hilbert trén truong K.

1. Cho A : H — H la mot toan t tuyén tinh. Gia st (Az,y) = (z, Ay) v6i moi
z,y € H. Chitng minh A lién tuc.

2. Cho {x1,z2,...,7,} 13 mot hé cac vecto tryc giao khac 0 ctia H. Chting minh rang
v6i moi « € H, ton tai duy nhét céc s6 ar, ..., o, sao cho véi moi By, ..., B, ta co

n n
le = awill < llx =) Bl
i=1 i=1

3. Cho (en), 1a mot co sé truc chuan ctia H. Dat B: H — H xéc dinh béi

[e.9]

Vo € H,Bx = Z(x, €n+1)€n

n=1

Ching minh B € L(H), tinh ||B|| va tim toan tit lién hiép cua B.

Nam hoc 2004-2005
Cau I. Ki hieu X = {z € Cy 4j|z(0) = 2(1) = 0}. V6i moi = € X, ta dat

= t
2l = max|(?)

1. Chitng minh ||.|| 14 mot chuan trén X.

2. Chiing minh (X, ||.||) 12 mot khong gian Banach.

3. bat A: X — X la anh xa xac dinh bdi z — Az, trong d6 Ax(t) = x(t) + x(1 —t).
Chiing minh A € £(X) va tinh [|A]].

Cau II. Cho X,Y i hai khong gian dinh chuan, (Aq)eer € £(X,Y). Chiing minh céc
khéng dinh sau la tuong duong

a) Vr € X, Yy* € Y* :sup ly*(Aax)| < 400
acl

b) Vz € X :sup [|Az|| < +oo
acl

Cau III. Cho X 13 mot khong gian Banach va A € £(X). Gia sit ton tai s6 duong r
sao cho r||z|| < ||Az||, v6i moi x € X. Chiing minh:

1. A(X) la mot khong gian con déng ciia X.

2. A la mot phép dong phoi tuyén tinh tit X len A(X).

Cau I'V. Cho H la mot khong gian Hilbert.

1. Gid st £ 1a mot tap con ciia H va 29 € H. Dat M = (E). Chiing minh 2y € M khi
va chi khi v6i moi y € E* thi (y, zg) = 0.

2. Cho A,B: H — H la hai toan ti tuyén tinh théa man diéu kién (Ax,y) = (z, By)
v6i moi z,y € H. Chitng minh A, B lién tuc va B = A*.
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3. Gid stt A € £(H) 1a mot toan tit compact va A 1a mot s6 khac 0. Chiing minh rang
Ker(A — M) 1a mot khong gian con hitu han chiéu ctia H.

Nam hoc 2005-2006

Cau I. Ki hieu X = M) 1a tap cdc ham s6 xac dinh va bi chan trén [0,1]. V6i mbi
r € X, ta dat

H$H==Suf\x@)
1. Chiing minh (X, ||.]|) 1& mot khong gian Banach.
2. Ddt A: X — X la anh xa xac dinh béi v — Az, trong d6 Ax(t) = z(0) — t2z(t).
Chiing minh A € £(X) va tinh ||A]|.
Cau II. Cho X la mot khong gian dinh chuan.

1. Cho f € X* théa man diéu kien  sup |f(z) — f(y)| = r. Hay tinh ||f]|.
z,yeB’(0,1)

2. Cho z1,z9,...,xn 1& n vecto doc lap tuyén tinh trong khong gian dinh chuan X.
Ching minh rang ton tai g € X* sao cho g(x;) # g(x;) khi i # j.
Cau III. Cho X la mot khong gian dinh chuan va M 1a mot tap con ciia X. Gia st

véi moi f € X* ta c6 sup |f(x)| < +oo. Chitng minh rdng M 13 tap bi chin trong X.
xeM

Cau IV. Cho H la mot khong gian Hilbert.
1. Cho A la mot tap con khac rong ctia H. Dat M = (A). Gid stt x € H va (z,y) = 0,
véi moi y € A. Chiing minh 2 € M+,
2. Cho (en), 1 mot co sé tryc chuan trong H. Dit M = ({e,|n € N}). Chitng minh
tryc tiép rang hai ménh deé sau la tuong duong

o
a) Ve € Hix =Y (z,e,)en.

n=1
b) M+ = {0}.
3. Cho u,v € H 1a hai vecto ¢6 dinh va A : H — H xac dinh bdéi

o
Ve € H, Ax = Z(x,u)v

n=1

Ching minh A € £(H) .Tim toan ti lién hiép A* va tinh ||A*||.

5.2 Danh cho hoc vién cao hoc
5.2.1 Deé kiém tra gita ki
KHOA 13

Cau I. Cho X la mot khong gian Banach, Y 14 mot khong gian dinh chuan va M
14 mot tap con cia L(X,Y). Chiing minh rdng M 13 tap bi chan trong khong gian
L(X,Y) khi va chi khi v6i moi z € X,y* € Y* ta ¢6 sup |y*(Az)| < +o0.

AeM
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Cau II. Cho X la mot khong gian dinh chuan.

1) Gid stt f € X*, f # 0. Ching t6 rang ton tai khong gian con mot chiéu E sao
cho X = E & Kerf.

2) Cho M 1a mot tap con clia X va z¢ € X. Chiing t6 rang zo € (M) khi va chi khi
voi moi #* € X* thoa diéu kien z*(M) = {0} thi z*(z¢) = 0.

Cau III. Cho X,Y la hai khong gian dinh chuan.
1) Gid st A: X — Y 1a mot anh xa théa man diéu kien A(z +y) = Az + Ay, véi

moi 7,y € X va  sup ||Az|| < +oo. Chitng minh A 13 mot anh xa tuyén tinh lién
z€B'(0,1)
tuc.

2) Cho B : X — Y la mot anh xa tuyén tinh. Goi Gg la do thi cia B. Chung
minh rang B(X) la tap déng trong Y khi va chi khi tap G + (X x {0}) 1a tap déng
trong X x Y.

KHOA 14
Cau I. Ki hieu X = C[lo ; la khong gian gom cac ham s6 kha vi lién tuc trén [0, 1].
V6i moi x € X, ta dat
1
el = mae O]+ 2O, lalla = ([ (o0 +1a/0) )2
tel0,1]
0

1. Kiém tra ||.||1,||-]|2 1& hai chuan trén X.
2. Chitng minh (X,][.]|1) 1& mot khong gian Banach va hai chuan da cho khong
tuong duong. Suy ra (X,|[.||2) khong phai la mot khong gian Banach.

Cau II. Cho X la mot khong gian Banach, Y 1a mot khong gian dinh chuan va
A€ L(X,Y). Biét rang v6i moi r > 0 ta ¢c6 B'(0y,r) C A(B(0x,r)). Chiing minh 0y 1a
diém trong ctia A(B(0x,)).

Cau III. Cho X la hai khong gian dinh chuan vi A : X — X 13 mot anh xa tuyén
tinh lién tuc. Goi G4 1a do thi ciia A. Chitng minh rang A(X) 1a tap déng trong X
khi va chi khi tap G4 + (X x {0}) la tap dong trong X x X.

Tim mot vi du vé mot khong gian dinh chuan X va A € L(X) nhung A(X) khong
dong trong X.

KHOA 15

Cau L
1. Véi p > 1, ta ki hieu L}, = {f € LP(R)|suppf C [-n,n]}. Chiing minh réng

o
= U 93
n=1
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2. Gia st (X, p) la mot khong gian do do, F € X sao cho puE < oo. Cho f €
L>®(E, ). Ching minh f € LP(E, ) v6i moi p > 1 va

lim ( / |FPdp) /P = ess sup |f(z)
FE

p=oo zeE

Cau II. Cho X la mot khong gian Banach, Y 1a mot khong gian dinh chuan va
A€ L(X,Y). Biét rang v6i moi r > 0 ta c6 B'(0y,r) C A(B(0x,r)). Chiing minh 0y 1a
diém trong ctia A(B(0Ox,r)).

Cau III. Cho X 1a mot khong gian Banach, F' 14 mot tap déng, hap thu chita trong
X.

1. Chiing minh int(F) # (.

2. Bing vi du, chiing t6 ring F khong nhat thiét nhan vects 0 1a diém trong.

KHOA 16 - |

Cau I. Ki hieu X = Cp ) 1a khong gian gom cac ham s6 lién tuc trén [0,1]. V6i moi

r e X, ta dat
1

zlloe = max [z(2)], |||, = (/ je(t)Pdt) /P, p > 1
t€[0,1]
0

Chitng minh hai chuan da cho khong tuong duong. Suy ra (X,]|.||,) khong phai la
mot khong gian Banach.

Cau II. Cho X,Y la hai khong gian dinh chuan A : X — Y la mot anh xa tuyén
tinh.

1) Chiing minh A lién tuc khi va chi khi A bién méi tap bi chin trong X thanh
mot tap bi chan trong Y.

2) Gia st X,Y la hai khong gian Banach, A lién tuc va ton tai A > 0 sao cho véi
moi z € X ta co [|[Az|| > A||z||. Ching minh A(X) la mot khong gian Banach.

Cau III. Tim mot vi du vé mot khong gian dinh chuan X c6 chita mot khong gian
con Y ma Y khong phai la tap déong trong X.

KHOA 16 - II
Cau I. Cho f: X — K la mot phiém ham tuyén tinh.

a) Gid st f # 0. Chiing minh ton tai khong gian con mot chiéu E sao cho X =
Kerf o E.

b) Biét rang phiém ham f khong lien tuc. Ching minh Kerf 1a tap tru mat khap
noi.
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Cau II. *3| Cho X,Y i hai khong gian dinh chuan vi A € £(X,Y). Xét hai phuong
trinh

Az =y (1) va A%y =z" (2)
Gia st rng v6i moi y € Y, phuong trinh (1) (an 1a z) ¢6 it nhat mot nghiem trong
X. Chiing minh réng v6i moi #* € X*, phuong trinh (2) (an 1a y*) ¢6 nhiéu nhat mot
nghiém trong Y™*.
Cau III. Cho X la khong gian dinh chuan va M ¢ X, N ¢ X*. Ki hieu M+ = {z* €
X*|z*(M) = {0}} va tN = {2z € X|z(N) = {0}}.

a) Ching minh M+ va LN 1a nhitng khong gian vecto con déng trong céc khong
glan X* va X.

b) Chitng minh rang (M) = +(M*1).

KHOA 16 - IlI

Cau 1. Cho H la mot khong gian tien Hilbert trén truong K va z,y € H. Gia st v6i
moi A € K, ta co ||z + Ay|| > ||z||. Ching minh = L y.

Cau II. Cho H la mot khong gian Hilbert thuc va A la mot toan tit lién tuc ty lién
hiép.

a) Ching minh ring (Au,v) = T((A(u+v),u+v) — (A(u—v),u—v)), véi moi u,v € H.
b) Chitng minh rang néu (Az,z) =0 v6i moi € H thi A =0.

c) Gia stt them A 1a toan tit compact. Chiing minh ring o(A) 1a bao déng ciia tap
cac gia tri riéng cua A.

Cau III. Cho X 1a mot khong gian Banach va A € £(X). Chiing minh ring o(A) =
o(A*). Néu X 1a khong gian Hilbert thi dang thiic nay con ding khong? Tai sao?

5.2.2 Dé thi chitng chi cao hoc

Mathematics
vietnam

23Day 1a mot dang phat biéu khac ctia Bai 20 - trang 92 - sich Bai tdp Gidi tich ham - Nguyén Xuan
Liém
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DE THI CHUNG CHi CAO HOC

GIAI TICH HAM - KHOA 16
Thoi gian lam bai: 150 phut

Cau I. Cho X 1a mot khong gian dinh chuan vo han chiéu.

1. Ching minh ring ton tai mot phiém ham tuyén tinh khong lién tuc f xac dinh
tren X. Khi d6, hay kiém tra tap P = {z € X|f(z) < 1} trll mat trong X.

2. Chitng minh ring ton tai hai tap 16i A, B chita trong X sao cho AUB = X, ANB =
PvaA=X=0.

Cau II. Cho XY, Z la ba khong gian vecto trén truong K.

1. Gia st f: X — Y,g: X — Z la cac anh xa tuyén tinh sao cho Kerg c Kerf.
Chting minh rang ton tai 4nh xa tuyén tinh h: Z — Y sao cho f = hoyg.
2. LAy Y = K, Z = K" va chon anh xa ¢ thich hgp, 4p dung cau 1 dé ching minh
n
rang néu f, f1, ..., fn 12 cac phiém ham tuyén tinh trén X sao cho (| Kerf; C Kerf
=1

7

thi f 1a mot t6 hop tuyén tinh ctia cac fi, ..., fn.

3. Cho X la mot khong gian dinh chuan v6 han chiéu va ¢/ 1a mot lan can yéu, tic
1a mot o(X, X*)—lan can, ciia 0 € X. Chiing minh réng ¢/ 13 mot tap khong bi
chin trong khong gian dinh chuan X.

Cau III. Cho X la mot khong gian dinh chuan.

1. Gia stt M 1a mot tap con trii mat trong X. Chiing minh rang véi moi = € X,
o0

ton tai day (zn), C M sao cho |lzp|| < sh|jz]|,n=1,2,... va z = Zl Ty
n=

2. Cho (xn), la mot day trong X sao cho sup||z,|| < +oo. Ki hieu £ = {f €
X*|(f(zn))n hoi tu }. Biét E = X*, chiing m?nh ton tai z € X sao cho z, — z.
Cau IV. Cho H la moét khong gian Hilbert trén truong K va A € L(H).
1. Gid st A= A* va )\ € K sao cho \|§;ﬂ£1 ||Axz — Az|| > 0. Chiing minh A la mot gia
tri chinh quy cua A.

2. Gia st A*A la toan tit compact. Chiing minh A ciing la toan tt compact.

Ghi chi: Thi sinh duge phép sit dung tai liéu khi lam bai.

24 June 12nd, 2008
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