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LOI MO DAU

S6 phiic ¢6 vai tro quan trong trong toan hoc, gan nhu truong sé phiic thoéa
man cac yéu cau clia toan hoc, chinh vi vay ma mac du goi 1a sd 4o nhung
truong C doéng vai tro quan trong trong doi song thuc ctia ching ta, C6 rat
nhiéu cach xay duyng trudng sé phiic C, bai viét nay 1a mot trong nhitng cach
xay dung né, cu thé duge trinh bay nhu sau:

Chuong I :Xay dung truong so6 phiic
Chuong II: Cau tric topo ctia mat phang phic.

Trong moi chuwong noi dung duge trinh bay nhu sau :

Chuong I xay dung tap C sau dé ching minh C la mot truong va mo ta
dang dai s6 , dang luong giic ciia cac phan tit trong C .

Chuong IT M6 ta ciu tric topo ctia nd, mo ta day, chudi hoi tu , ham s6
bién s6 phiic lién tuc trén C ,

Mic dit ban than da rat cd gang va dude st huéng dan nhiét tinh ctia thay
gido huéng dan, nhung do nang lyc ctia ban than va thoi gian con han ché nén
luan van khé tranh khoéi nhiing thiéu sét. Chung toi rat mong nhan dugdc sy
g6ép ¥ clia quy thay co va cac ban dé luan van dugc hoan thién hon.

Cudi cung toi xin chan thanh cdm on GS.TSKH Ha Huy Khoai ngusi da
tan tinh gitp dé, cung tap theé 16p cao hoc toan khoa 11 tao diéu kién cho toi
hoan thanh tiéu luan nay.

Tac gia



Chuong 1

XAY TRUONG SO PHUC

Trong chuong nay, phan dau toi trinh bay cach xay dung truong s6 phic,

cau trac dai s6, cau tric hinh hoc, dang lugng gidc ciia s6 phiic.

1.1 Pinh nghia sé phiic

Xét tap R*Z=R x R = {(z,y)}|z,y € R.

Hai phan ti (z1,y1), (22, 72) € R? duge goi 1a bang nhau néu va chi néu

(901 = T2, = 3/2)

Ta xay dung phép toan trong R? nhu sau: Vz; = (21, 91), 22 = (22, 92) € R?
Phép cong 21 + 22 = (z1 + T2, y1 + ¥2).
Phép nhan :2129 = (2122 — Y12, T1Y2 + T2.41)

Dinh nghia 1.1.1. Tap R? cling v6i hai phép toan cong va nhan dude dinh

nghia nhu trén goi la tap s6 phitc C, phan tit (z,y) € C la mot s6 phiic.
Dinh ly 1.1.2. (C,+,.) la mot truong

Chiing minh. Dé chiing minh (C, +,.) 1a truong ta chitng minh cac van dé sau.
(1) Phép cong cé tinh giao hodn Nz = (x1,y1), 20 = (T2,1y2) € C
ta co 21+ 20 = (v1 + T2, y1 + y2) = (T2 + X1, Y2 + Y1) = 22 + 21.
(ii) Phép cong cé tinh két hop :
Va = (21,91), 22 = (T2, 2), 23 = (23,3) € C ta co
(21 + 22) + 23 = (x1 + 22,91 + y2) + (T3, 3) = (21 + 22 4+ 23,41 + Y2 + y3)
= (z1,y1) + (T2 + 23,2 + y3) = 21 + (22 + 23).



(iii) Ton tai phan ti khong 0 = (0,0) € C.
That vay ta co:Vz = (z,y) € C, 240 = (z,4)+(0,0) = (z+0,y+0) = (z,y) = z.
(iv) Ton tai phan t& doéi ¥z = (r,y),3 — 2 = (—z, —y) la phan tit déi.
That vay z + (—z2) = (z,y) + (-2, —y) = (r —z,y — y) = (0,0).
(v) Phép nhan cé tinh chat giao hodn Yz = (x1,y1), 20 = (T2,%2) € C,
ta c6: z120 = (122 — Y1Y2, (T1Y2 + T2.y1) = (T221 — Yo2.y1, (Toy1 + T1Y2) = 22.21.
(vi) Phép nhan cé tinh chat két hop
V21 = (21,y1), 220 = (22, 92), 23 = (23, y3) € C ta cb:
(2122)23 = ($1~$2 — Y1Y2, T1Y2 + $2-y1)($3,y3)
= ((T122 — t1y2)xs — (T1Y2 + Y122.)ys3, (T1.22 — Y1Y2)Ys + (T1Y2 + T2y1)73)
= (217273 — Y1Y2T3 — T1Y2Y3 — Y1T2Y3, T1T2Y3 — Y1Y2y3 + T1Y2T3 + Y17273)
Tuong tu ta ciing co :
21(2023) = (T102%3 — T1Y2Y3 — Y1T2Y3 — Y1Y2L3; T122Y3 + L1Y2 L3 + Y1T2Y3 — Y1Y2Y3)
dicu nay ching t6 :(2122)23 = 21(2223)
(vii) Phép nhan phan ti& don vi Ton tai phan tit don vi 1 = (1,0) € C
That vay tac6 :Vz; = (z,y) € C, 1.2 = (1,0)(z,y) = (lx—0y, ly+0.2) = (z,y)
= (z,y)(1,0) = 2.1 = 2.
(viii) Ton tai phan ti nghich ddo, Vz = (v,y) € C,z # 0, phan tit
nghich ddo clia z 1a 27! = <ﬁ, —JJQyTyg>
(ix) Phép nhan phan phbdi vdi phép cong
V21 = (x1,11), 22 = (T2, Y2), 23 = (x3,y3) € C ta co:
z1(22 + 23) = (w1, 91) (T2 + T3, Y2 + Y3)
= (z1(z2 + 23) — y1(y2 + y3); 21 (Y2 + y3) + y1(x2 + 23))
= (2172 + 2173 — Y1Y2 — Y13, T1Y2 + T1Y3 + Y122 + Y173)
= (T122 — Y1y2, T1y2 + Y122) + (2123 — Y1Y3, T1ys + Y123)
= 2122 + 2123

Vay ta da ching minh duge (C, +,.)théa man cac tien deé cia truong . [



1.2 Dang dai s6 ctia sé phic
1.2.1 Xay dung sb i

Xét tuong tng f: R — R x {0}, f(x) = (z,0)
Dé dang chitng minh duge f 1a anh xa va 1a mot song anh.
Ngoai ra ta cing c6:(z,0)+ (y,0) = (x+y,0), (x,0)(y,0) = (xy,0), vi f 1a song
dnh nén ta c6 thé dong nhat (z,0) = .
Diat ¢ = (0,1), khi d6 ta c¢6 :z = (z,y) = (2,0) + (0,y) = (z,0) + (y,0)(0,1) =
r+yi = (2,0)+ (0,1)(y,0) = x +iy. T d6 ta c6 két qua sau:

Ménh dé 1.2.1. Mdi s6 phiic tuy 1 z = (x,%y) cd thé biéu dién duy nhat dudi
dang
z=x4+ Y

vdi x,y la nhing so6 thuc tuy 4, va trong dé hé thitc i> = —1.
Hé thtc i = —1 suy truc tiép tit phép nhan hai sé phic
i2 =1i.4=(0,1)(0,1) = (=1,0) = —1

Biéu thitc o + yi goi 1a dang dai s6 clia s6 phiic z = (x,y)., Vi vay ta c6 the
viet C = {z +yi | z,y € R,1> = —1}va tit bay gio ta ky hiéu cho s6 phiic
z = (x,y) = x + yi va ta c6 cac khéi niém lién quan sau day:

x =Rez goi 1a phan thuc ctia s6 phic z

y =Imz goi 14 phan 4o clia s6 phic z

¢ goi la don vi ao.

Néu s6 phiic ¢6 phan thuc z = 0 goi 1a thuan o.

Cho s6 phtic z = x + 4y, sO phitc ¢6 dang x — iy dugc goi 1a s6 phric lién

hop ciia s6 phiic z, ki hieula z, nghia la z =z +yivaz =2 +iy = v — iy
Cho s6 phiic z = x + 4y khi d6 /22 + y? goi 13 modulus ( tri tuyét doi ) cta
s0 phtic 2z ky hieu |z| = /a2 + y2.



V6i hai s6 phiic 21, 2, tity ¥ ta luon co6 bat dang thiic sau goi 1a bat déng
thic tam giac :
121 + 22| < |z1] + | 22|
Hai s6 phtic 21, 23 goi 1a bang nhau néu Re(z1) = Re(22) va Im(z—1)=Im(z3).
S6 phiic 2z € R néu va chi néu Im(z) = 0.

S6 phiic z € C\R néu Im(z) # 0.

1.2.2 Cac phép toan trén dang dai sb
Tuong ty, ta ciing dinh nghia phép toan cong va nhan nhu sau
C={z+vyi|r,ycR i*=—1}

(). Phép cong Tong clia hai s6 phiic z; = x1 + iy VA 23 = o9 + iys , 14 MOt

s6 phitc z duge xac dinh :
z = (x1 + 22) + i(y1 + ¥2).
Ki hiéu z = 2z; + 29.
(it).Phép mhan Tich cia hai s6 z; = 1 + iy; VA 29 = Tg + iy 1a MOt 6
phic z duge xac dinh bdi:
z = (1172 — Y1y2) +i(T1Y2 + Y172)

Ki hiéu z = z129.

Tuong tu dinh 1y (1.1.2) ta ¢6 dinh 1y sau day manh hon.
Dinh ly 1.2.2. (C, +,.) la mot truong déng dai so.

Dinh 1y nay dudgc suy ra truc tiép tit dinh 1y co ban ctia dai s6 .

1.3 Biéu dién hinh hoc ctia sb phiic

1.3.1 Biéu dién hinh hoc ctia sé phiic

Diém M (z,y) trong mit phang Oxy goi 1a diém biéu dién hinh hoc clia 6

phtc z = x + .



S6 phitc z = z + yi goi la toa do phiic ctia diém M (,y), ta dung ky hicu
M(z) dé chi toa do phitc ctia diém M la 2
Mat phéng toa do véi viec biéu dién sé phitc nhu trén goi la mat phéng

phtic.

1.3.2 Biéu dién hinh hoc ctia Médun

Cho s6 phtic z = x + yi ¢6 biéu dién hinh hoc 14 M(z), khi d6 khodng cach
tit M(z) dén O la Modun ctia s6 phtic z
Chi 4: 1) V6i s6 thue duong r tap hop cac sé6 phitc véi Modun r biéu dién
trén mat phang phitc 14 duong tron ¢(O,r)
(i1) Cac s6 phiic {z, |z| < r} 1 cac diém ndm trong dudng tron €(O, 7).

(iii) Cac 6 phiic {2, |z] > 7} 1a cac diém nam ngoai dudng tron €(O, ).

1.3.3 Biéu dién hinh hoc ctia cac phép toan

i) Phép todn cong va trw Xét hai s6 phiic 21 = 1 + 411, 20 = Ta + Yol VA
cac véc to tuong ung v, = x1;+ yJ, Uy = x27+ ygf, khi do :

Tong hai s6 phiic : 21 + 20 = (21 + 22)i + (y1 + )i

Téng hai vécto ¥ 4+ 0, = (@1 + 22)i + (y1 + y2)J Qua biéu dién ta thiy tong
hai s6 phticz; + 2 tuong tng véi téng hai véc to U] + Us.

Hieu hai s6 phtic :21 — 29 = (21 + x2)i — (y1 + y2)i

Hieu hai vécto 0y — 0y = (21 — 22)i + (1 — 42)]
Chii 9 : Khodng cach hai diém M;(z — 1,1), Ma(z2, y2) bing md dun ctia sb

phic z; — 29 bang do dai cua v, — Us.

MMy = |21 — 20| = [v1 — o] = \/(1’2 —21)" + (g2 — 1)

ii) Tich cia sb6 phitc vdi sé thuc
Xét s6 phiic z = x + yi va véc to tuong tng 7 = zi + y;

Néu A 1a s6 thue thi tich .z = Az + Ayi tuong tng véi vécto AT = Azi+ \yj.



1.4 Dang lugng giac ctia sé phiic

1.4.1 Toa dé cuc ctia s6 phic

Trong mit phiang Oy cho (x,%) khac gbc toa do.

S6 thuc r = /22 + y? goi 1a ban kinh cyc ctia diem M, s6 do 6 € [0, 27)
cua goc lugng giac (O—>x, O—]\/[) goi la argument ctia M, cdp c6 tha tu (r,0) goi
13 toa do cuc ctia diém M, viét M (r,0).

Chy v : Anh xa h: R x R\(0,) — (0,00) x [0,27),

h(z,y) — (r,0) 14 mot song &nh.
Diém goc O la diém duy nhat c6 r = 0,0 khong xéac dinh.
Mai diém M trong mit phang c6 duy nhat diém P(1,6) 1a giao diém clia

tia OM véi duong tron don vi tam O, st dung dinh nghia sin v& cosin ta thay

r=rcosf,y=rsinf

Ngoai ra ta cling c6 thé dinh nghia argument ctia s6 phtic z nhu sau:

I
Vz #0,cos6 = @,sine _
2| 2|

1.4.2 Biéu dién lugng giac ctia sd phic

Cho s6 phiic z = x = yi ta c6 thé viét z dusi dang cite: z = r(cos § + i sin 6)
Dat a =0 + k2n,k € Z khi d6 z = r(cosa + isina).

Tic 1a v6i s6 phiic z bat ky ta luon viét duge duéi dang

z=r(cost +isint),r > 0,t € R

1.4.3 Phép toan trong dang luong gidc ctia sd phic

Cho hai s6 phiic 2, 2o # 0, ¢6 biéu dién dang luong giac
z1 =ri(costy +isinty), zg = ro(costs + isinty) khi do :

Hai s6 21, 2o goi 1a bang nhau néu néu r = ry va ty — t; = k2w, k € Z



Tich hai s6 phtc z1.2» 1a s6 phitc duge xac dinh :
2129 = 1179 (cos(ty + to) + isin(t; + t3)) .
Dinh 1y 1.4.1. ( De Moivre), Cho z = r(cost +isint) van € N, khi dé ta c6
2" = r"(cosnt + isinnt)

Chi 3y : Cong thiic De Moivre van dung cho lay thita nguyén am

Ngoai ra z = 7(cos @ + isinf) con dugc bic¢u dién dudi dang z = re®



Chuong 2
CAU TRUC TOPO CUA MAT PHANG PHUC

Trong chuong nay toi trinh bay vé sy hoi tu clia day,cac loai tap hgp cac
khai niem doéng md, bao déng, diém dinh,...Cac tinh chat liéen tuc cia ham sb

bién phiic.Déc biét 13 trong phan nay toi chitng té duge Cla khong gian di.

2.1 Su hoi tu ctia day va chudi phiic

Dinh nghia 2.1.1. Day {z,} goi 1a hoi tu dén 2 néu day s6 thuc |z, — z| hoi
tu vé 0.D6 1a 2, — 2z néu||z, — z| = 0

T dinh nghia ta c6 dugc:z, — z néu va chi néu Rez, —Rez va Imz,, —Imz

Vi du 2.1.2. Xét sy hoi tu cua cac day sau:

1.2" — 0 néu |z| < 1

n
2.TL_+Z—>1
Giaz
P n n
1.Taco |z" =0l =]z — 0
4 | — | = = _1
2. Ta cb nﬂ.—l‘— — _meo

Dinh nghia 2.1.3. {z,} goi 1a Chauchy néu méi € > 0 ton tai s6 nguyén N

sao cho n,m > N kéo theo |z, — z,,| < &
Meénh dé 2.1.4. {z,} duoc goi la hoi tu néu va chi néu {z,} la Cauchy.

Chitng minh. Néu z, — z thi Rez, — Rez,Imz, — Imz, vd do d6 {Rez,},va
{Imz,} 1& nhing day Cauchy.
Va tit :|z, — 2| < |Re(zn — 2m)| + Im(z, — 2|

= |Rez, — Rezp,| + |Imz,, — Imz,,| — 0,n,m — oo
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Vay{z,} la day Cauchy.
Ngugc lai,néu {z,} la day Cauchy trong d6 cac day {Rez,} va {Imz,} la

nhitng day s6 thic hién nhién ca hai day trén 1a hoi tu, vay {z,} 1 day hai tu.

[
Tt két qua ctia dinh 1y trén ta suy ra rang C 1a khong gian day du.
Dinh nghia 2.1.5. Mot chudi vo han 3 2; goi 13 hoi tu néu day tong riéng
k=1

duge xac dinh béi S, = 21 + 22 + ... + 2,, hdi tu. Va giéi han ctia S,, goi 1a tong
cua chudi .

Chu 3 :

(1) Tong va hiéu clia hai chudi hoi tu 1a hoi tu

o0
(77) Dieu kién can cho chudi > 2z hoi tu la 2, — 0,n — o

k=1
(0. o

(427) Dieu kien du cho chudi Y z; hoi tu la chudi Y |z |hit
k=1 k=1

2.2 Phan loai tap hop

Dinh nghia 2.2.1. Gi4 st S 1a tap con bat ky ctia C.

(1) Hinh tron md tam zo ban kinh >0 1& tap hop nhitng diém 2 trong mit
phang D(zp;7) = {2 : |z — 20| <7

(i1) D(z0;7) con goi la lan can ciia diém z — 0.

(4ii) Mot tap S goi 1a md néu moi diém z € S ton tai s6 § > 0 sao cho
D(z;9) C S.

(iv) Mot tap goi la déng néu phan bu ciia né 1a tap md, ngoai ra ta con
phat biéu khac ntta d6 1a : Tap S goi 1a déng néu {2z, C S,2, — zthiz€ S

(v) Mot diém a goi la diém trong clia tap S néu ton tai hinh tron md tam

(vi) Mot diém b goi 1 diém bién ctia S néu moi hinh tron mé tiy ¥ tam b

chita mot diém trong S va mot diém khong nim trong S.

11



vii Mot diém c goi 1a diém giéi han ctia S néu moi hinh tron mé tam c chita
mot diém ctia S khac c.
viti Mot diem d goi 1a diém co lap ctia S néu né nam trong S va ton tai

hinh tron mé tam d khong chita diem nao ctia Sngoai d.

Dinh nghia 2.2.2. Tap hop céc diém bién ctia tap S goi la bien ctia S va ky
hieu la 09, tap hop cac diém trong ctia S goi la phan trong ctia tap S ky hieu
1a IntShozc S° ,tap hop nhing diém trong va diém bién goi la bao déng ciia
tap S va ky hieu la S.

Mot tap goi 1a bi chdn néu né chita trong mot hinh tron D(0, M), M > 0.

Tap dong va bi chan goi la compact.

Dinh nghia 2.2.3. Hai tap X,Y € C goi la tach néu ton tai hai tap moé roi
nhau A, B sao cho X € A, Y € B, mot tap W € C goi 1a lién thong néu khong
ton tai hai tap tach va khéic rong c6 hop bangIV.

Mién la tap mé lien thong.

2.3 Ham lién tuc

Dinh nghia 2.3.1. Mot ham s6 bién s6 phiic xac dinh trén lan can cia diém
2o goi 1a lién tuc tai zg néu 2z, — 2 thi f(2,) — f(20)., f goi la lien tuc trén

mién D néu mdi day {z,} € D,z € D sao choz —n — z ta c¢6 f(z,) — f(2)

Néu ching ta chia f thanh hai phan, phan thuyc va phan 4o thi :

f(z) = f(z,y) = u(z,y) +iv(z,y)

v6i moi u,v 1a hai bién thyc. Dé thay rang f lién tuc néu u va v 13 ham lién

tuc theo hai bién (z,y).Vi du da thic
m n )
Plz,y) =YY apa’y’
=1 k=1

la lién tuc trén toan mat phang.

12



Tuong tu
1 x .y

= —1
z a2+ y? x2 + 12

la lién tuc trén toan méit phang trit diém goc z = 0.Ti do ta ciing c6 két qua
nhu sau:
Téng ,hiéu, tich , thuong (khac 0) clia nhitng ham lién tuc 1a lien tuc, ta n6i
ham f € C" néu va chi néu dao ham riéng tiing phan cap n ctia f 1a lien tuc.
Mot chudi ham {f,} goi la lién tuc ting diém trén D néu méi € > 0 ton tai

N > 0 sao cho v6i moi n > N suy ra |f,(2) — f(2)| < € v6i moi z € D

Dinh 1y 2.3.2. Gid si ham u(x,y) cé dao ham riéng u, va u, khong doi tai

moi diém trén D thi u la ham hing trén D.

13



KET LUAN

Trong phan noi dung chinh ciia tiéu luan, t6i da chitng minh duge C la
truong dong dai so6 va 1a khong gian di, tuy con nhiéu van dé can trinh bay vé
truong s6 phiic nita nhung véi noi dung ctia bai tiéu luan toi dimg lai ¢ tinh
chat lien tuc ctia ham s6 bién s6 phiic .

To6i nghi rang day 1a tai lieu tham khao tha vi cho nhitng ngudi quan tam

dén no.

14
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