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S6 phatc va 1ing dung dé gidi todn so cap Trang 1

L.OI MO DAU

S6 phitc ¢6 vai tro quan trong trong todn hoc, gan nhu trudng sé phiic
thoa man cdc yéu cau clia todn hoc, chinh vi thé ma mac du goi 1a s6 ao
nhung truong C déng vai trd quan trong trong ddi song thuc ciia ching ta.
Dic biét & cAp THPT né c6 rat nhiéu ting dung dé dé dang tiép can céc bai
todn so cap kho, vi viy trong nhitng nam gan day Bo gido duc da dua vao
chuong trinh gidng day & cap pho thong.

Nham muc dich gi6i thiéu dén quy thay cb gido, va cdc em hoc sinh mot
cach chi tiét hon veé s6 phiic, cich tiép can ciing nhu tng dung clia né trong
viéc giai cdc bai toan 6n thi dai hoc, cac bai toan trong ky thi Olympiad quéc
gia va qubc té, nén toi da viét chuyén dé nay.

Bai viét duge tham kho trén tai liéu chinh [2] " Complex Number from
A to... Z" cua cac tac gia Titu Andreescu, Dorinandrica, dugc trinh
bay ngan gon vé6i hai chuong cting véi phan mé dau, két ludn va tai liéu tham
khao.

Cu thé ¢ mdi chuong nhu sau:

Chuong I: Giéi thiéu veé tap s6 phtic, chiing minh trong tap sb phiic
nay c6 cac phép toan cong nhan nhu trén tap cac so6 thuc, dong thoi gidi
thiéu céc dang biéu dién clia né ciing nhu cac tinh chat dic trung trong ting
dang.

Chuong II: Gom hai phan chinh, phan 1 1a gi6i thiéu cic bai toan
lién quan dén s6 phtic nham gitp moi ngudi lam quen céc ky thuét tinh todn
trén truong sé6 phitc.Phan hai 1a tng dung ciia s6 phtic trong viéc gia cic bai
toan s6 cAp tit luong gide dén hinh hoc, bat déng thic,...

Msic du da rat ¢6 gang nghién cttu tim hiéu tai liéu va bang nhung kinh

nghiém giang day ctia minh, trong thdi gian ngan t6i da hoan thanh bai viét.

Ha Duy Nghia THPT Phan Pinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 2

Nhung do nang luc ctia ban than va thdéi gian con han ché nén bai viét khéng
tranh khoi nhitng thiéu sé6t. T6i rat mong nhan dude su gép ¥ cia quy thay
cd va cac ban dé bai viét ducc hoan thién hon.

Tac gia

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



Chuong 1

XAY DUNG TRUONG SO PHUC

Trong chuong nay, phan dau toi trinh bay cach xay dung trudng sb phiic,
cau tric dai s6, cau tric hinh hoc, dang luong gidc ctia s6 phttc. Tham khao

trén tai liéu[1][2].

1.1 Dinh nghia sb phiic

Xét tap RZ =R x R = {(z,9)}|z,y € R.

Hai phan tit (z1,91), (22, y2) € R? duge goi 1a bang nhau néu va chi néu

(x1 = 22, y1 = Y2)

Ta x4y dung phép toan trong R? nhu sau: Vz1 = (21,91), 220 = (22,72) € R?
Phép cong :21 + 22 = (71 + 22, Y1 + y2).
Phép nhan :z120 = (v172 — Y192, T1Y2 + T2y1)

Pinh nghia 1.1.1. Tap R? ciing vé6i hai phép toan cong va nhan dude dinh
nghia nhu trén goi 1a tap s6 phitc C, phan ti (z,y) € C la mot sd phiic.
Dinh ly 1.1.2. (C,+,.) la mét truong(nghia la trénC vdi cic phép toan da

dinh nghia cé cdc tinh chat tuong tu trénR vdi cde phép todn cong nhan thong

thuong)
Chitng minh. Dé ching minh (C,+,.) 1a trudng ta chimg minh cic van dé
sau.
(1) Phép cdng co tinh giao hodn Nz = (x1,y1), 22 = (x2,12) € C
ta cd 21 + 22 = (v1 + 22,1 +y2) = (T2 + 21,92 + Y1) = 22 + 21.
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S6 phatc va 1ing dung dé gidi todn so cap Trang 4

(ii) Phép cong co tinh két hop :
V21 = (21,41), 22 = (T2, 2), 23 = (73,3) € C ta cd
(21 + 22) + 23 = (x1 + T2, 41 + y2) + (23,43) = (21 + 22+ 23,91 + Y2 + y3)
= (z1,91) + (v2 + 23,92 + y3) = 21 + (22 + 23).

(iii) Tén tai phdan ti& khéng 0 = (0,0) € C.

That vay ta c6:Vz = (z,y) € C,z+ 0 = (z,y) + (0,0) = (z + 0,y + 0) =
(z,y) = z.

(iv) Ton tai phdan ti& dbi ¥z = (v,y),3 — 2z = (—x, —y) la phan tit d6i.
That vay z + (—2) = (z,y) + (-2, —y) = (z —z,y —y) = (0,0).

(v) Phép nhdn cé tinh chdt giao hodn Yz = (x1,11), 2 = (22,13) €
C,
ta c6: 2120 = (122 —Y1Y2, (T1Y2+22.41) = (T271 —Y2.y1, (Tay1 +T1Y2) = 22.21.

(vi) Phép nhdn cé tinh chdat két hop
Va1 = (21,41), 22 = (22, 42), 23 = (73, 3) € C ta co:

(z122)23 = (T1.2 — Y1Y2, T1Y2 + T2Y1) (23, Y3)
= ((z122 — Y1y2)73 — (T1y2 + Y122.)Y3, (T1.72 — Y1y2)ys + (T1y2 + T2y1)73)
= (17273 — Y1Y273 — T1Y2Y3 — Y172Y3, T1T2Y3 — Y1Y2Y3+T1Y2T3+Yy17273)
Tuong tu ta cling cob :
21(2223) = (212973 —T1Y2Y3 — Y172Y3 — Y1Y27'3; T1T2Y3+T1Y2T3+Y172Y3—Y1Y2Y3)
diéu nay chiing t6 :(2120)23 = 21(2223)

(vii) Phép nhdn phan ti& don vi Ton tai phan tit don vil = (1,0) € C
That vay ta c¢6 : V21 = (z,y) € C,1.2 = (1,0)(z,y) = (lz — Oy, ly + 0.x) =
(z,9)

= (2,y)(1,0) = 2.1 = 2.
(viii) Tén tai phan ti nghich ddo, Vz = (z,y) € C,z # 0, phan tit

. ? d h —1 P Xz y
nghich dao cia z 1a 27" = (m2+y2, —x2+y2)

(ir) Phép nhdn phdn phdi véi phép cong

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 5

Va1 = (21,51), 22 = (¥2,42), 23 = (23, y3) € C ta co:
z1(22 + 23) = (21,91) (w2 + 23,92 + y3)
= (z1(@2 + 23) — y1(y2 + y3); 21 (v2 + y3) + ya (22 + 23))
= (2172 + 1173 — Y1Y2 — Y1Y3, T1Y2 + T1Y3 + Y1T2 + Y123)
= (2129 — Y12, T1Yy2 + y102) + (0123 — Y13, T1Y3 + Y173)
= 2129 + 2123
Vay ta da chtmg minh duge (C, +,.)thda man cdc tién de cta truong. Do

dé (C,+,.) 1a mot trudng so. O
C6 rat nhiéu céch bicu dién clia s6 phtic trén, ma moi cach c6 thé khéc
thac dugc mot s6 tinh chat dac biét cidc nhau cia tap C, sau day toi gisi

« A A L ’ .2 « X ’
thiéu mot so cach biéu dien doé.

1.2 Dang dai sbé ctia sé phiic
1.2.1 Xay dung sb i

Xét tuong tmg f : R — R x {0}, f(x) = (z,0)
Dé dang chtmg minh dudc f 14 4nh xa va la mot song anh.
Ngoai ra ta cung cé6:(x,0) + (y,0) = (x + y,0), (x,0)(y,0) = (xy,0), vi f la
song 4nh nén ta c6 thé dong nhat (z,0) = .
bat i = (0,1), khi d6 ta c6 :z = (z,y) = (x,0)+(0,y) = (x,0)+ (y,0)(0,1) =
x+yi = (2,0) + (0,1)(y,0) = x + dy. Tt d6 ta c6 két qua sau:

Ménh dé 1.2.1. Mdi s6 phiic tiy 1 z = (x,y) c6 thé biéu dién duy nhat dudi
dang
z2=x+ Yl

véi z,y la nhiing s6 thuc tiy 4, vd trong dé hé thic i* = —1.

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 6

Hé thitc 2 = —1 suy truc tiép tit phép nhan hai s6 phiic
i2 =i = (0,1)(0,1) = (=1,0) = —1

Biéu thitc  + yi goi la dang dai s6 ctia s6 phttc z = (z,y)., Vi vy ta c6 the
viet C = {x +yi | 2,y € R,i*> = —1}va tit by gio ta ky hiéu cho s phtic
z = (z,y) =z + yi va ta c¢6 cac khai niém lién quan sau day:

r =Rez goi 1a phan thuc ctia s6 phiic z

y =Imz goi 1a phan o ctia s6 phiic z

¢ goi la don vi ao.

Néu s6 phttc c¢6 phan thuc = 0 goi 1a thuan &o.

Hai s6 phitc 21,2 goi 1a bang nhau néu Re(z;) = Re(z) va Im(z —
1)=Im(z,).

S6 phtic z € R néu va chi néu Im(z) = 0.

S6 phtic z € C\R néu Im(z) # 0.

1.2.2 Céc phép toan trén dang dai sb
Tuong tu, ta ciing dinh nghia phép toan cong va nhan nhu sau
C={r+yi|z,ycRi®=—1}

(). Phép cong Tong ciia hai s6 phitc z; = o1 + iy va 20 = 29 +iys , 1a mot

s6 phtic z dugde x4c dinh :
z = (21 +x2) +i(y1 + y2).

Ki hiéu z = z1 + 2».
(7). Phép nhdan Tich cia hai sO 21 = x1 + Y1 va 20 = 2 + iy la mot so

phiic z duge xac dinh bdi:

z = (1179 — Y1y2) + i(T1Y2 + Y172)

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 7

Ki hiéu z = z129. Pinh nghia nay trung véi dinh nghia cic phép toan trén C
& phan trude.
1.2.3 S phtic lién hgp va Mddun cia sd phiic

Pinh nghia 1.2.2. Cho s6 phtic z = z + iy, s6 phiic c6 dang = — iy dudc

goi 1a s6 phiic lien hop ciia s6 phiic z, ki hiéu 1a z, nghia 1a 2 = = + yi va

Z=x+1y =T — 19.
Ménh dé 1.2.3. .

1. z=Z&z€R

2. 2=7%2

3. 2.%Z la s6 thuc khong am.

421t n=721+2

5. Z1.22 = 7122

6. 2 1=z HzeC

7. @:%,22 c C*
Ching minh. .

1. Tacéz=Znénsuyraz+yi=r—yi =2yt =0=y=0=>z2z=x € R.

2. Tacoz=xr—yi,=>z=x+yi = 2.

3. Taco:2.z=(x+yi)(r—yi) =2+ y* <0

4. Ta coz1 + 21 = (21 + 22) + (11 + y2)i = (1 + 22) — (1 + y2)t
= (@ —pi)+ (2 —p)i=7+%

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 8

5. Ta c6z1z1 = (r122 — y1y2) + i(x1y2 + T2y1)
= (122 — 11y2) — (212 + T2U1)
= (z1 — y11)(x2 — Yoi) = Z1 2.

1

6. Tacé:zgzlé(zf):T:>§%:1:>F:(z)_l

7. Ta cé : (j—Q) = (zl.i) :TZIZT% =&,
]

Dinh nghia 1.2.4. Cho s6 phiic z = z + 4y khi d6 /22 + 32 goi 1a modulus
( tri tuyét déi ) ctia s6 phitc z ky hiéu |z| = a2 + 2.

Ménh dé 1.2.5. .
1. —|z| < Re(z) < |z], —|2| <Im(z) < |7

2. |1z| >20,]z] =0 2=0

8. |zl = |-z = [7|

4. 22 = 2>

5. |z1.20] = |z1||22|

6. |z1] — |22] < |21 + 22| < 21| + |22
7. ‘2_1’ = z| L zeC

8. | = %,22 eC”

9. |21] — [za] <21 — 22| < |21 + 22

10. |21 + 20 + |21 — 20)? = 2 (|| + | 22]).
Chitng minh. Céc ménh dé (1-4) Suy ra true tiép tit dinh nghia.

o (5) Ta ¢6 |z12)° = (2122)(z122) = (2171)(2272)) = | 21| 2| 20|”

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap

Trang 9

o (6) |21+ 2" = (214 2) (71 T 22) = (21 + ) (71 + 2)

= \Z1|2 + 2129 + Z122 + \22\2

Ngoai ra, z1.25 = Z1 25 = Z1 29

[\V]

nén suy ra 2173 + 2122 = 2Re(z — 123)2 < |z2123] = 2 |21| |29] -

Do dé
21 + 2 < (1] + |22])°
Hay
|21 + 22| < 21| + [22]
Miit khac,
21| = |21 + 22 — 22| < |21 + 22| + |22
Suy ra

21| = |22 < |21 + 22|

e (7) Tach izt =1= |Z\H =
z z

1
z

= L Nén :
|2]

‘2_1’ = |z| ", z e C

° (8)|%] = ’21;12 = ’zlzfl‘ = | 2] \22|_1 = %
e (9) Tuong tu trong phan (6) ta ciing co :
21| = |21 — 22 + 20| < |21 — 22| + |29]
Nén suy ra :
|21] = |z2] < f21 — 2
Ngoai ra:

21— 2| =|a+ (=2)| <|al+ =2 = [al + |2

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 10

e (10) Ta co:
20+ 2| + o — 2] = (21 2) (7 +7) + (21— 22) (71— 2B)
= |z + 27+ T+ |l
= |21\2 — 2% — Zize + \22|2

=2 <‘21|2 + ‘22‘2) .

1.3 Dang lugng gisc ctia sb phiic

0 dang nay cho ta thay tinh chat dac biét vé liy thita clia mot sd phiic

thong qua dinh 1y Moiver.

1.3.1 Toa d6 cuc cta sbé phic

Trong mit phang Ozy cho (z,y) khic gbe toa do.

S6 thue r = /22 + y2 goi 1a ban kinh cuc ctia diém M, s6 do 6§ € [0,27)
clia goc luong giac (5?(:, (_)?\7 ) goi la argument ctia M, cap ¢ thit tu (r, 0) goi
13 toa do cuc ctia diem M, viét M (r, 6).

Chy ¥ : Anh xa h: R x R\(0,) — (0,00) x [0,27),

h(z,y) — (r,6) la mét song anh.

Piém gbc O 1a diem duy nhat cé r = 0,0 khong xac dinh.

Mbi diém M trong mit phang c6 duy nhat diém P(1,6) 1a giao diém cia
tia OM v6i duong tron don vi tdm O, sit dung dinh nghia sin va cosin ta
thay:

x=rcosf,y=rsind
Ngoai ra ta ciing ¢6 thé dinh nghia argument ciia sé phitc z nhu sau:

I
Vz #0,cos6 = P‘{e‘z,SmQ _ e
z

2]

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 11

1.3.2 Biéu dién lugng gidc ctia sb phiic

Cho s6 phiic z = x = yi ta ¢ thé viét z dudi dang cue: z = r(cos 64 sin 0)
bat o = 0 + k27, k € Z khi d6 z = r(cosa + isin «).

T 14 v6i s6 phitc z bat ky ta luon viét dude dudi dang

z=r(cost+isint),r > 0,t € R

1.3.3 Phép toan trong dang lugng gidc ctia sbé phiic

Cho hai s6 phtic 21, 23 # 0, ¢ biéu dién dang luong giac
21 =ri(costy +isinty), zg = ro(costy + isintsy) khi d6 :
Hai s6 21, 22 goi 1a bi\ing nhau néunéur; =ry vatys —t; = k2n,k € Z

Tich hai s6 phtic 2;.2» 1& s6 phttc dude xéc dinh :
2129 = I'Tr9 (COS(tl + tQ) + isin(tl + tg)) .

Dinh 1y 1.3.1. ( De Moivre), Cho z = r(cost +isint) va n € N, khi dé ta

7’

Cco

2" = r"(cosnt + isinnt)

Cha 3 : Cong thitc De Moivre van diung cho liy thita nguyén Am
Ngoai ra z = r(cos + isinf) con duge bicu dién dudi dang z = re goi

14 biéu dién s6 phitc dudi dang mil.

Ménh dé 1.3.2. Vdi moi ¢, ¢1, 02 € R ta co:
1. eiPrpite — i(d1+¢2)
2. lo+2m) — it
3. el =e 0

4. e =1

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 12

Ching minh. Dbi v6i ménh dé (1),(2),(4) suy ra truc tiép tit dinh nghia va
tinh chat ciia iy thita. Ta chiimg ming cho ménh dé (3). Ta c6 :
ei® = cos(¢) + isin()

= cos(¢) — isin(p) = cos(—¢) + isin(—¢) 0

= e 1,

1.4 Can bac n cua don vi va biéu dién hinh hoc cua

s6 phiic
1.4.1 Cin bic n cta sb phiic

Pinh nghia 1.4.1. Cho s6 phtic w # 0 va s6 nguyén n > 2. Khi d6 nghiém

z clia phuong trinh 2” —w = 0 1& can béc n cta s6 phic z

Ménh dé 1.4.2. Cho s6 phiic w = r(cos(0) + isin(0)), vdir > 0,0 € [0, 27)
Khi dé can bdc ncia so6 phic w gom n so phdan biét xdc dinh bdi :

2k 2k
2k = r(cos(0 + —W) + isin(0 + —W)), k=1,2,...,n—1.
n n

Chiing minh. Xét dang lugng gidc ciia s6 phitc z = p(cosp + ising) khi d6

2" = p"(cosngp + i.sinny)

Ngoai ra ta c¢6 2™ = w nén ta suy ra:p"(cosnp~+isinng) = r(cos(0)+isin(0)).
Do d6:p" =r,np = 6a + 2km, k € Z

Vay nghiém ctia phuong trinh 2" — w = 0 ¢6 dang:
2k = V/r(cospy, + isingy), k € Z.

Vi0<py < <..<ppg<2rnén pke{0,1,..,n— 1} la argument
cuc. Béi tinh duy nhat ctia toa do cuc ta ruy ra phuong trinh cé n nghiém

{20, 21, ..., 20} Mét khdc v6i s6 nguyén k tiy ¥, goi r € {0,1,2,...,n — 1}

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 13

13 hé thing du theo modun n ( nghia 1a chia k cho n ta dudc cac sé du
{0,1,2,...,n —1}.)

Khi d6 ¢, = £ + (ng+1)% = ¢, + 27g.

Diéu nay suy ra :2, = 2, hay {2z, k € Z = {20, 21, ..., Zn_1}, }. O
DPinh nghia 1.4.3. Nghiém ctia phuong trinh 2” — 1 = 0 Goi la can bac n
cua don vi.

T dinh nghia ta thiy rang cin bac n cia don vi la:

2k 2k
W = cosi + ism—ﬁ, k=0,1,...,.n—1
n n

Ngudi ta ky hiéu cho tap céc cidn bic n clia don vi 1A U, = {1, w,w?, ..w" 1}
(Uy, la nhém nhdn cyclic cap n.)
S6 wy € U, goi 1a can nguyén thiy bac n ctia don vi néu moi s6 nguyén

duong m < n ta c6 wy’ # 1.

1.4.2 Biéu dién hinh hoc cta sb phiic

Pinh nghia 1.4.4. Piém M (z,y) trong mit phang Ozy goi 1a diém biéu

dién hinh hoc ctia s6 phtic z = x + yi.

S6 phtic z = x + yi goi 1a toa do phiic ciia diém M (,y), ta dung ky hiéu
M(z) dé chi toa do phtic ciia diém M 1a z

Mit phang toa d6 véi viee bidu dién sé phiic nhu trén goi 1a mit phiang
phtic.

Ngoai ra, trén mit phang phtic ngudi ta ciing dong nhat sé phtic z = & = yi
véi T = O—]\>4,M(x;y)
Pinh nghia 1.4.5. Cho s6 phiic z = x + yi c¢6 biéu dién hinh hoc 1a M(2),
khi d6 khodng céch tit M(z) dén O 1a Modun ctia s6 phiic z
Xét hai s6 phtic 21 = @1 + Y14, 22 = T2 + Yot VA cdc véc to tuong tng v =

x15+ yJ’, Uy = 332;—1- yzj, khi do :

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 14

e Tong hai s6 phitc : 2 + 20 = (1 + x9)i + (y1 + y2)i

e Tong hai vécto v + Uh = (x1 + :1:2)'74- (y1 + yz)j Qua biéu dién ta thay
tong hai s6 phitcz; + 2 tuong tng véi tong hai véc to v, + vs.

e Hiéu hai s6 phiic 12y — 29 = (w1 + 22)i — (y1 + y2)i

e Hiéu hai vécto :0) — Uy = (z1 — x2)i + (Y1 — ¥2)J

e Khodng cich hai diem Mj(x — 1,41), My(z2,y0) bang md dun ctia sb

phtic z; — zo bang dd dai cua v; — vs.

MMy = |z — 2| = |U_1> — U_2>| = \/(952 — $1)2 + (Y2 — y1)2

e Néu A 1a s6 thuc thi tich M.z = Az + \yi tuong tmg véi vécto A\ =

i + Ayf.

e Tich clia hai s6 phiic 21 = 71(cosfy + isindy), zo = r3(cosbhy + isindy).
va goi My(ry,01), M(rq,05) 1a toa do cuc tuong ting ciia diém My, My,
goi Py, Py 1a giao diém ciia dudng tron €O, 1) véi tia OM;, OM,.Dung
P3 thudc duong tron c¢6 argument cuc 61 + 05 chon M;s thudc tia OP; :
OM; = OM,.OM, goi 23 1a toa d6 phiic ctia diém M; khi d6 Ms(rq79, 01+

65) 1a diém biéu dién cta tich z1.29

T Mgy +Hoi ¥ +¥2) I M (aztiey
Ma{xz;y2)
My
=0
% Milx1;¥1) o
0
Hinh 1.1: Biéu dién tong hai sb Hinh 1.2: Biéu dién tich mot s6 thuc
phtc duong va mot s6 phiic

Ha Duy Nghia THPT Phan DPinh Phung Dak Lak



S6 phatc va 1ing dung dé gidi todn so cap Trang 15

Chai 4j: 1) Véi s6 thuc duong 7 tap hop céc s6 phtic véi Mddun 7 bicu dién
trén mit phiang phtic 14 duong tron €(O, )

(i3) Cac s6 phitc {z,|z] < r} 1a cdc diém nam trong dudng tron
C(O,r).

(4ii) Cac sb phtic {z,|z| > r} la cdc diém nam ngoai dudng tron

(O, r)

Ménh dé 1.4.6. Biéu dién hinh hoc clia cdc cin bic n > 2 cia w # 0 la

dinh cia n gidc déu noi tiép trong duong tron tam O bdn kinh /r,r = |w|.

, . . 7 - 2 - 2 « X 2 7 A , A v
Ching minh. Goi cac diém biéu dién cia cac so6 phiic 21, 29, ..., 2,1 trén mat

phang phitc 1a My(z0), M1(21), ..., Mp_1(zp—1).Khi d6 ta cé :

OMj = ‘Zk| = {”/F,k? < {O, 1,..,n— 1}

Suy ra M € C(0, /). Mit khéc, sb do cung cung M M bang :
0+42(k+1)m — (0 +2kw) 2m

— T
n n

arg zp,1 — arg zp = ke{0,1,..,n—2}

Cung con lai c¢6 s6 do dude x4c dinh nhu sau 2SdM/n:7W0 =21 — (n—1)%Z

n

T dé suy ra cic cung trén c6 sd do bang nhau, hay da gidcMyM,...M,_,

deu. ]

1
I
My(2 5:—2)

.
N2

1
T X

MA28; )

Hinh 1.3: Biéu dién céc can bac 3 ciia sb phiic z=1-+i
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Dinh 1y 1.4.7. 1. Néun|, thi nghiém bat ky ciia phuong trinh 2" —1 =0

cung la nghiém cua phuong trinh z9 —1 =10

2. Cdc nghiém chung cia phuong trinh 2™ —1 =0 va 2" — 1 =0 la cdc
nghiém ctia phuong trinh z¢ = 0,d = UCLN (m,n).
3. Cdc can bac n nguyén thuy cia don vi la
2k 2k
Wy = cosi—i—i.sini,o <k<m,UCLN(k,n)=1
n n

Ching minh. Xem trong tai liéu ([2],p 45-46) O

1.5 Tich thuyc ctia hai sé phic

Nhu ta da biét tich vo hudéng hai vécto 1a mot s6 thuce, trong phan nay toi

sé gi6i thiéu khai niém tuong tu cho tich hai s6 phtic.
Pinh nghia 1.5.1. Tich thuc ctia hai sé phiic a va b 1a mot s6 xac dinh béi
a.b= ;(ab + ab)
T dinh nghia trén ta suy ra truc tiép ménh dé sau
Ménh dé 1.5.2. Cho cdc sé phiic a,b,c, z, cd ménh dé sau ddy la ding.
1. a.a = |al?
2. a.b=b.a
3. a.(b+c)=ab+a.c
4. (aa) = ala.b) = a(ab)Va € R
5. a.b=0 néu va chi néu OA L OB vdi A(a), B(b)

6. (az).(bz) = |z]*(a.b)
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Ménh dé 1.5.3. Gid s rang A(a), B(b), C(c)vaD(d) la bon diém roi nhau.

Cdc ménh dé sau ddy la tuong duong:
1. AB1LCD
2. (b—a)(c—d) =
3. b=a ¢ iR*

Chatng minh. Lay diém M (b — a), N(d — c) ta dugc tt gidlc OAM B, OCDN
14 hinh binh hanh, khi dé ta ¢6 AB L CD néu va chi néu OM L ON Ma,
m.n = (b—a)(d — ¢) = 0 nén theo tinh chit 5 clia ménh dé trén ta suy ra

diéu phai chtmg minh. 2) < 3) suy truc tiép ti tir dinh nghia. ]
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Chuong 2
MOT SO BAI TOAN VE SO PHUC

Trong chuong nay ta sé lam quen véi cic bai toan lien quan dén sb phiic.
Ap cdc phép todn ciia sb phitc dé gidi cde bai todn ¢b dién céc bai todn thi

IMO. Tham khéo trén tai liéu [2].

2.1 Dang 1: Tinh toan, bién d6i trén truong sb phiic

Bai tap 2.1.1. Cho a la s6 thuc duong va dat

1
z+ -
z

My = {ZEC*,

:a}

Tim gid tri 16n nhat, nhé nhat cta |z| khi 2 € My
Loi gidi

4 —\2 2
, _ —2)z*+1
Tacoa® = |z+ 112 = (z + %) (z + %) — I +(z+fz)|z s

Dieu nay suy ra:

2

2| = 2] (a® +2) + 1= —(2+2)° <0
Do do
| \26 a’+2—Vat +4a? a®>+ 2+ Var + 4a?
5 :
2 7 2
Suy ra
2| € —a++va*+4 a+Va®+4
2 7 2
Vay

n|z| =

18

max |z| = 2 € My,z=7%

a+Va*+4 —a++Va?+4
- T mi
2 ’ 2



S6 phatc va 1ing dung dé gidi todn so cap Trang 19

Bai tap 2.1.2. Chtmg minh

7 7
\/;<]1+z\—|—’1—z—|—22‘<3\/;VZE(C,|Z|:1

Loi gidi

batt=|z+1| =t € [0;2]
. 7 P 27
khi dé 152:(1:,2)(1—|—z):2—|—2Re(z):>Re(z):’522

Xét ham so

f10;2] — R, f(t) =t + /|7 — 2t
Ta cé:
7 7 7 7
f( 2):2§t+\/|7—2t2|§f(\/;):3 5

Ngodi ra, |1+ 2| + |1 + —z + 22| = t + /|7 — 2t2].
Vay VT <142+ [1—2+22 <3/ V2 €|z = 1.

Bai tap 2.1.3. Giai phuong trinh: 23 = 18 + 264, 2 = 2 + yi,x,y € Z

Ta c6: (x +yi)® = (v + yi)*(x +yi) = (2® — 329°) + (32%y — 3°)i
Suy ra:
23— 3xy? =18

322y —y3 = 26
Dat y = tx tu hé trén ta suy ra
18(3t — %)) = 26(1 — 3t%), 2.y # 0
(Bt—1)(Bt*—12t—13)=0=>t = ;(t €Q)
Véi ¢ = 3y thay vao phuong trinh 23 — 3zy = 18 ta dudgc:
r=3,y=1.

Bai tap 2.1.4. Cho p,q 1 hai s6 phtic, ¢ # 0. Chéing minh rang néu cac
nghiém phuong trinh bac hai 22 + pr 4+ ¢ = 0 ¢c6 mddun bang nhau thi g la

s6 thuc.
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(1999 Romanian Mathematical Olympiad-Final Round)

Loi gidi
Goi x1, 9 1a cidc nghiém cta phuong trinh va r = |z1| = |x2| khi ddos ta c6:
2 2 —
xr1+x x T x1.T X9.T1
292:(1 2) _ 1 +£+2: 122_|_ 2 1+2_2_|_ R€($1I2)
q r— 1l.xo r—2 1 r r2
Do do la mot s6 thuc. Ngoai ra, Re(x1.73) > —|x1.73| = r? suy ra g > 0.

Vay g 1a so thue.

2.2 Dang 2:ttng dung sd phtic trong viéc gidi toin
SO cép

Bai tap 2.2.1. Ching minh cong thiic lugng giac sau:

sinbt = 16sin°t — 20sin’t + 5sint (2.1)
cos5t = 16cos°t — 20cos’ + 5cost (2.2)
Loi gidi

4p dung cong thitc Moiver ta c6 : (cost + isint)® = cosbt + i.sinbt
Ngoai ra theo khai trién nhi thec:
(cost +isint)® = cos’t + bicos*tsint + 10i%cos®tsin’t
+10:3cos*tsin®t + bitcostsintt + i°sinSt
= c0s’t — 10cos®*t(1 — cos®t) + Hcost(1 — cos?t)?

+i(sin?t(1 — sin’t)? — 10(1 — sin’t)sin®t + sin’t)
Ddng nhat phan thuc, phan 4o hai biéu thic trén ta duge diéu phai chimg
minh.

Phan (2.2) tuong tur.

3r 1

Bai tap 2.2.2. Chiimg minh rang COST — COS >+ cos = 5
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(International Mathematical Olympiad -Poland 1963)
Loi gidi

Xét phuong trinh 27 +1 = 0. Dé thay cac nghiém ctia phuong trinh 1a céc can

o - £ , < LA N o . . ir i3w i13m
bac 7 ctua so -1. Ttc la tdp nghiém cta phuong trinh la: {e7,e7 ,...;e 7 }

)

3 - 37 - 137 T iZn _ 2 N
M3t khéc e7 + T . et = 67% = 0 nén tong phan thuc cta no
e
bang khéng. Do d6
s . 3T . 5%8 L T . 97 . 117 n 137 0
coS— + cos— + coS— + coS— + c0S— + cOS—— + coOS—— =
7 7 7 7 7 7 7
s 37 O
&2 — — —)—1=0
(6087 + cos - + cos 7 )
s 27 3m 1
A== cos? — 0057 + 0057 = 5

Bai tap 2.2.3. Chimg minh bat ding thitc quen thudc sau:

LVl toy+ 2 +Vi2tyz + 2 +V22+zr + 22> V3@ +y + 2),

Vo, y,z >0

2. \/400521'603234 + sin?(x — y) + \/4sin2xsz'n2y + sin?(x —y) > 2),
Ve, y e R
Loi gidi

1'DatZl:x+%+§?ﬂ3z2:y+§+§2ia2’3=z+%+§xi
khi do ta co:

21| = \/x2+xy+y2,\z2| = \Jy2 +yz + 22, |z = V22 + 22 + 22

21+ 22 + 23| = V3(z + y + 2)
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4p dung cong thitc 6 ciia Ménh dé 1.2.5 ta dudce: |21+ 22+ 23| < |21|+ 22| + 23]
Suy ra:

V2t oy + 2+ yz+ 2+ V2 a2 > 3z +y+ 2).

2. Tuong tu: Dat z; = 42cosxcosy + isin(x — y), z2 = 2sinzsiny + isin(x — y)

Ta suy ra dicu chtmg minh.

Bai tap 2.2.4. Ching minh ding thic t& hop quen thudc sau:

0 3 6 so10 _ 22 +1
Coo11 + Coor1 + Coony + - + Coo11 = 3
Loi giai
Goi w 1a cin bac nguyén thiy béc 3 ciia don vi, tiic 1a w? = 1,w = cos 2?? +

"=1

isz’n%7T khiddtacél+w+w?=0vas 3"t =y neN

W32 2
Khai tri¢n cdc nhi thitc Newton (1 + 1)2°M (1 + w)?M (1 + w?)?M ta dugc:
(14 1)*" = Cp1y + Coor1 + Copny + - + Ot + O3t
(1+w)*™™ = Chp + Coonw + Cohw? + ... + Cpiw™™ + CpHw? M
= Chon + Coonw + Copw?® + ... + CpiY + CRjiw
(14 W) =y + Chpaw? + Chnw + - + O30 + CoHw? Cong veé theo

vé cac s6 hang ctia 3 tong trén ta dudc:
3 (CSOII + 05’011 + ...+ 022811?> = (1 + 1)2011 + (1 + W)QOll + (1 + W2)2011.
Ngoai ra,

° (1 + 1)2011 — 22011

2011 . 2011 . \2011
o (1+w)” = (1 + cos?F + zszn%ﬁ) = (cos% + zsm%)
20117
3

= 00520117r +1sin=T = cos% + z’sing
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)2011

2011 . 2011 .
° (1 + w2> = (1 + cos%7T + zsm%ﬂ) = (cosg — zsm%

2011w ;020117 T Gaim T
3 1.81IN=—35— = COS3 LSing

= COSs

Do d6:(1 4+ 1)2M 4 (1 + w)20M 4 (1 + w?)2011 = 2011 + 2087 _ 92011 |
T trén suy ra

0 3 6 o0 22141
Co011 + Co011 + Cop1p + - + Cop11 = 3

Bai tap 2.2.5. Tim tat cd cdc nghiém thuc duong ctia phuong trinh

V3z(1 + ! ) =2
r+y
VT = ) =42

1996 Vietnamese Mathematical Olympiad
Lot gidi

bat u = \/z,v = ,/y khi d6 hé trén trd thanh:

(i) =y
u ] ==
u? + v? V3

Nhung u? + v? 1a binh phuong ctia médun s6 phtic 2 = u + iv nén ta nhan 2
vé ctia phuong trinh thtt 2 ctia hé véi i va cong hai phuong trinh lai ta duge:
. U — 1 4\/_
U+t - =
(2,
Mst khéac ta c6: 4= = %nén phuong trinh trén tré thanh:

1 A4V2
YT (f f)

Tic 1a z 1a nghiém cta phuong trinh
22 — 4\/_
\/_ v
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2
=y )
= (G )+ (57 )
1 2 \? 2
) (4
viovar) T\
bicu nay suy ra nghiém thuc duong ctia hé 1a

() (29 ) (- ) (22 -v) ).

Bai tap 2.2.6. Hai da gidc déu noi tiép trong dudng tron. Da gidc thit nhat

Suy ra

o

+

%é

¢6 2010 canh, da gidc thit 2 ¢6 2015 canh. Gia st hai da giac ¢6 dinh chung

tlly ¥ nao dé hay tim s6 dinh chung ctia hai da gidc do.
Loi giai

Nhu da néi 6 trén, so dinh cia chung cia hai da giac la so nghiém chung ctia

2010 2222

hai phuong rinh z =1,z — 1 4p dung Dinh 1y1.4.7 ta c6 s6 nghiém

chung la d = UCLN(2010,2015) = 5 Vay hai da giac c¢6 5 dinh chung.

Bai tap 2.2.7. Cho PyP,...P,_; la da gidc déu noi tiép trong dusng tro ban
kinh bang 1. Chiing minh

1. POP1.POP2 ..... P()Pn_l =n;

. . . -1
2. sin™.sin2r .. sin 0T — n_
n n n 2
. (2n—1
3. sin® sm?’”....sm(” I L
n 2
Léi gidi

1.Khong mat tinh tong quat, ta cé thé gia st cac dinh clia da giac déu 13 cac

diém biéu dién nghiém ctia phuong trinh 2" — 1 = 0, trong dé Py = 1.
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Xét da thiic f(z) =2"—1tacod f'(z) =n2""1= f(1)=n
Ngoai ra, ta cing khai trién dugc

f)=C-1DEz-w(z-w?)..(z—w)" o= COSQS + zsm%j

= (1) =(1-w)(l—w?)..(1-w").

Do dé
= (1-w)(1—w?...(1-w"1

Lay modun hai vé ta dudc két qua can chitng minh.

2. Ta cb
1—wk =1- COS%T7r — i.sin2k — 25in2kr QZSan cos’%T
= 2sin®™ (sin®T — zcosk—”)
Do d6 |1 —wlk = 28m .k =1,2,...,n—1 Theo cau 1 suy ra diéu phai chiing
minh.

3. Xét da gidc deu QpQ1...Qan_1 ndi tiép trong dudng tron, dé thiy rang cac
dinh ctia né 1a cic diém biéu dién hinh hoc cin bac2n cia don vi.Do dé theo
cau 1 ta c6 QpQ1.QoQs.....Q002,-1 = 2n.

Tuong tu, da gidc déu QoQs...Qn—1 ta cling c6 QoQ2.QoQu4.....QpQ2, = n Dicu
nay suy ra QoQ1.QoQs.....QpQ2,-1 = 2 Tuong tu 2 ta cung c6 duccQoQor_1 =
sm@gil) k=1,2,..,n Tu day suy ra diéu phai chttng minh.

T bai todn nay ta cé thé mé rong thanh bai todn tong quat sau day.

Bai tap 2.2.8. Cho ham Euler ¢(n) 'Chiing minh rang:

1. I1 sin k—” = ﬁ trong dé n khong 1a liiy thita ctia s6 nguyén
%J%fﬁ@l,n)ﬂ
t6.
o(n)
2. I1 cos k—” = { 212(,” v6i moi s6 nguyén duong n
[lfngLgl(fl(_kl,n)zl

Lo(n) 1a tap hgp céc s6 nguyén duong khong vitgt qua n nguyén td cting nhau véi n
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Loi gidi
Xem tai liéu ([2],p 50)

Bai tap 2.2.9. Goi M, N, P,Q, R, S 1 trung diém ctia cdc canh AB, BC,CD,
DE,EF,FA ctia mot luc gidc. Chimg minh rang

RN? = MQ? + PS?
néu va chi néu MQ L PS
( Romanian Mathematical Olympiad-Final Round,1994)
Loi gidi

Goi a,b,c,d,e, f 1a toa d6 cac dinh ctia luc gidc, khi d6 cic trung diém

M,N,P, Q,R,S c6 toa do tuong tng la

_a—l—b _b+c c+d

S R T

_d+e e+ f  f+a

Y r Y S
2 2 2
S& dung tinh chat cta tich thuc hai s6 phiic, ta cé

q

RN? = MQ* + PS?

se+f-b—c)le+f—b—2c)
=(d+e—a—-b)(d+e—a—a)+(f+a—c—d)(f+a—c—d)
& (d+e—a—b)(f+ta—c—d)=0 (2.3)

4p dung Ménh dé 1.5.3 ta suy ra (2.3) tuong duong MQ L PS.
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KET LUAN

Bai viét tuy ngan nhung tic gid ciing ¢ ging néi lén dude ¥ nghia clia
viée hoc s6 phtic ¢ trudng phd thong, cling nhu gitp cho moi ngudi dé dang
tiép cén s6 phtic mot cach chi tiét hon.

Trong chuyén dé tiép theo toi sé gidi thiéu chi tiét hon vé "sé phitc va
hinh hoc' va tng dung ctia né da ducc thé hién qua Bai tap 2.2.9.

T6i mong rang day 13 tai liéu tham khéo bé ich cho nhiing ai quan tam
dén né.

RAt mong dudc su déng gép clia quy thay co va cac ban.
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