PHUONG TRINH NGHIEM NGUYEN
A.Céc phwong trinh co ban:
|)Phwong trinh bac nhat hai an: ,
binh nghia: ax + by = c vdi a, b, ¢ lacac so nguyén cho truéc

binh|i: Gia sra,blaxac sd nguyén duong vad= ( a, b) khi d6 (1) vé nghiém néu c d
vavo so nghiemnéeucd ‘
Hon niranéu (x,, Y, ) langhiém caa (1) thi phuong trinh c6 nhiém téng quét

)= + 2y, + 2n
e d d g

Chirng minh :gianh cho ban doc

Vidul: Giai phuong trinh nhiém nguyén: 21x+ 6y =1988.

Giai: Tacd 7x+2y= ? b khdngtontai x,yl Zthoa 7x + 2y khéng nguyén
Vi du 2: Giai phurong trinh nhiém nguyén: 12x+3y=216

Giai:Taco x:2161' 3Y _1s. ZD y=4nb x=18- n(ni z)

[1) Phuong trinh PITAGO:
Dinh nghia: x* +y? = z°
Dinh li:
1 (xy,2)=1P (xy)=(y,2)=(zx)=1
2.(x,y,z)=1P x,y khéc tinh chin, 1¢
i
i
|

(r.s)=

rs=k?

3. thi r =t2,s=h?

Chirng minh:Gianh cho ban doc xem nhu mot bai tap

Giai phuong trinh PITAGO:
&y z0_

€d'd'dg
Theo dinh Ii 1 taco thé gia st y, chin

Giasr (x,,2)=d b (X, Yor2) =

Taco: Xg +y§ = Zé p yg =(Zo - Xo)(zo +Xo)

e nn N Z +X 2m2 _\I_ XO = m2 - n2
X =
Theochnthge 9&20 092:113 ]|: 00 , b :'y0:2mn
2 ge 2 gy £2,- X, =2n i,
12, =m’ +n

v6i mn la cac sb nguyén

B.Cac phwong trinh khong mau muec:



Chuing ta d& 1am quen nhiing phuong trinh nghiém nguyén co ban nhat valau doi nhit
trong toan hoc.Nhung ciing nhu moi linh vuc khéc trong toan hoc phurong tring nhiém
nguyén ngady cang phét trién, cang kho . Bién hinh laphuong trinh x" +y" = 2" ma
dén gan day nguoi tamdi giai duoc nhung phai ding dén nhitng kién thirc todn cao cap
valoi thi vé cling siu sic,

Tuy nhién néu chi xét cac bai toan ¢ phd thong thi ching ta co thé dic két ba phuong
phép co ban nhat

1) Sir dung céc ting chat caa sd nguyén ,céc dinh Ii cua sd hoc

2) Sir dung bt dang thirc dé thu hep mién giatri cuatiap nghiém, sau d6 co thé thé tirng
giatri

3)Phuong phap i v6 han ,phuong phdp ndy do FERMAT sang tao rakhi giai phuong
trinh

U/ Sir dung céc ting chat ciia sb nguyén ,cac dinh |i ciia sb hec
a/buave dang tich:
Y twong ciabdi todn ladua védang f,(x y,..)f,(X y...)..f (X, y...) = aa,..a
Véi a,a,,..,a 1 Z.Roi xé moi truong hop co thé
Vi du: Giai phuong trinh nhiém nguyénduong: 21 x + 6y + 1xy = 123
Giai: y(6+21x) + (21x+6) =129 b (21x +6)(y +1) =129=43.3
b 21x+6=43vay+1=3
hay 21x+6=3vay+1=43
T at ca deu cho takét qua vo nghiém

n

Vidu: Giai phuong trinh nhiém nguyén khoéng am: x> + x+1=y? (1)

. i2y-2x-1=1
Gidi: ()P 4y?- (2x+12 =3P (2y- 2x- D(2y+2x+1) =3b |
Gidi: ()P 4y* - (2x+1) (2y )(2y )=3P [ ove1=3
Do 2y-2x-1va2y+2x+1déuléb y=1p x=0

V ay ph wong trinh c6 nghiém (x,y)=(1,0)

b/buavé dang tong:
Ytuongladua veé f5(xy,.)+ fA(xy.) ..+ f<(xy..)=af +ak +af +..+a"
véi k,af +al +..+akl z
Vi du: Giai phuong trinh nhiém nguyén d wong: 2x + y? +2xy =25 (1)
iXx=3 ix=3
Giai: ()P x? +(x+y)? =25=3"+42p | b |
ix+y=4 jy=1
Vi du :Giai phuong trinh nhiém nguyén khong am x? + y* - 3y? = 65- 3y(1)
%=0 X
Giai:(1)p x?+(y-1°=64=0%+4°=82+0°b | hay {

1y-1=4 ii-
Vay (xy)=(05):(81)



c/Puavé dang phan sb:

Ytuongbaitoan! a:

f(x,y..) a__ .
a(x,y..) b % a + 1

an
Vi du:Gi ai phuong trinh nghiém nguyén 3](xyzt +Xy+xt+zt +1) = 40(yzt +y+ t) Q)
ix=1
i
~ =3
Giaiap 20 WAty ExtA+L 1 g 1 1Y
31 yzt + y+t 1 34+ 1 jZ2=2
z+} o4t ft=4
t 4

d/Sirdung tinh chia hét
Vi du: Giai phuong trinh nghiém nguyén: x> + x(y - 2)+3- y=0(1)
Giai:
x> +2x+3 2 -
P y'T'X’L“le b 2|(x+1) b x+1i {-11-2,2}
b xi {-20-31P (xy)=(-2-3),(03,(-3-3),13)
Vi du:Giai phuong trinh nghiém nguyén duong: 3* +4¥ =5°

Giai:
X ét theo modulo 3
5% 0 (- 1)*(mod3) b 4Y © (- 1)*(mod3) b zchin, d 4t z=2h
Suy ra (5“ - 2y)(5“ + 2y)= 3*. Do 5"- 25" +2Y khéng dong thoi chiah ét cho 3
5" +2V =3
enj
t5"-2Y =1
Taco: 5" +2Y © (- 2)" +(- 1)’ © 0(mod3) va 5" - 2¥ © (- 2)" +(- 1)’ ° 1(mod3) b h
lé ,y chan
Néuy>2thi 5" +2Y © I(mod4) b 3" ° 1(mod4) b xchinb 3*° 1(mod8)
Taco:5° 5" +2Y(mod8) dohlép 5° 3*(mod8) b 5° 1(mod8)
P voli
Dodéy=2b x=2,y=2

n

Vi du: Giai phuong trinh nghiém nguyén: x* + y*® = 21xy + 6(1)

Gidi: ()P (x+y)’ =3xy(x+y)+2Ixy+6

3
bat a=x+yvab=xytaco3b= a 6=a2 - 7Ta+49- ﬁb 349:a+7
at+7 at+7

Ban doc ¢ the ty giai tiép
€/Str dung tinh s6 nguyént 6



Dinh li 1: x* + y?: p =4k +3 ngu én t6 thi 1;(1';

R
Chirng minh : Theo dinh |i Fermat ta co:
Vi du: Giai phueong trinh nghiém nguyén: x* +5 = y°

Nhan xét 1: x, y khéc tinh chan I¢

Nhan xét 2: néu x 1é thi x*- 1:8

Thuc vay tagé

x=2k+1kl Z
P x*-1=4k(k+1):8

(do k(k+1):2)

Nhanxét 3: y*- 618," .

Taquay lai ba toén.

Néu x lethi x*-1:8b y*- 6:8p vdli

Néu x chinthiylé b x*+4=(y- 1)(y>*+y+1)

Tathdy x*+4 khéng c6 udcnguyén té dang 4k +3 theodinhly 1. Suyra y- 1
codang 4k +1, nghiala y* +y+1- 3:4b y*+y+1=4t+3P y*+y+1 cd udc nguyén
t6 1& 4k +3. Tur day ta co diéu mau thuan.

Nhu vay phuong trinh d& cho vé nghiém.

Bai tap twong ty: Giai phuong trinh nghiém nguyén: x> = y°* +7

~ 2Sirdung bat ding thirc dé thu hep mién gia tri ciia tAp nghiém, sau d6 co
thé theé tirng gia tri

Vi _du 2:Giai phuong trinh nghi¢ém nguyén duong: a+b+c=abc
Tathﬁy bac cuave phai l6n hgn bac cuave tréi,nér) khi a,b,c du Ion thi abc 2 16n
hon at+b+c. Bieu nay huéng cho ta dén viéc sir dung bat dang thuc.
Nhéan xét thém rang a,b,c ¢ vai tro nhu nhau néntaco thé gia sir a3 b3 c.
Néu c3 2,suyraa+b=c(ab- 1)3 2ab- 2(do c3 2,ab3 ¢ >1)
U a=b(2a-1)- 23 2(2a- 1)- 2=4a- 4b 23 a3 c32b voli
atb+l=abb (a-(b-1)=2
Do d6 czl.SuyraID ib-1=1_1ib=2
ta-1=2 ja=3
Vay (a,b,c) =(3,2,1) vacac hoan vi.
Vi du 1: Giai phuong trinh nghiém nguyén: y* = x*(x* + x+1) + (x+1)°
Giai:
2, X 302

<V <SP+l +ZZ
Yo 5

.2
Nhan xét ring & +§+£2
& 2 25



Néu x ¢, rd rang khodng tdn tai (X, y) nguyén thoa phuong trinh.
Néu x chin, suy ra y = x? +§+1. Dén day ban co thé ty giai d& dang J.

Vi _du 3:Gii phuong trinh nghiém nguyén duong: x* + xy + y* = xX°y°.
Giai:
Tu phuong trinh taco: (x+y)? =xy(xy+1) P x’y* <(x+Yy)? <(xy+1)?
Tir déy tacd diéu mau thudn vi (x+y)” nim gitahai sd chinh phuong lién tiép.
Nhu vay phuong trinh vé nghiém.
y, 6 .2 _2

+2 +

Vi du 4: Giai phuong trinh nghiém nguyén duong: - )
1 2. Slal phuong gnism hguly Lr0rgy+21 27 Xx+y x+6 z

Do z nguyén duong nén 2 £2.(0)
z

Vé tré &p dung bit dang thuc:
a . L +-C 4 d , 2 voi a=x,b=y,c=21d =6 tathu duoc:
b+c c+d d+a a+b
x ¥y, 6, 2 :g>2(2)(dodéub£?1ng X =y =21=6 khéng
y+21 27 Xx+y X+6 z

thé xay ra)
Tur (1) va(2) tasuy raphuong trinh vé nghiém.
Vi du 5: Giai phuong trinh nghiém nguyén duong y322+(y3 - 2xy) z+Xx(x- y)=0.
Coi phuong trinh nhu mét phuong trinh bac hai theo x. Ta co:

2
D300 (z+1)(1- y)yzz+y73 0

y2 3 2
p n (z+)(y-Dyz
Diéu nay chi xay rakhi y=1. Tir d8y cac ban dé dang tim duoc x = z hay

zZ- X= 71 (loai do x,z nguyén duong).

3)Phwong phap Iui vé han
Phuong phép ndy do FERMAT séng tao rakhi giai phuong trinh x* +y* = z*
Y tuong cia phuong phap ndy 1a gia sir tim d woc bo nghiém nho nhat, taco thé 1y luan
sao cho tim duoc bo nghiém nho hon.
Vi du 1: Giai phuong trinh nghiém nguyén duong x* + y* = 3z
Giai:
Goi (x,Y,z) langhiém nhé nhat néu x+y+ z dat giatri nho nhat.
Nhan xét: Néu x /3 thi x*- 1:3 vi vay néux,y/3 thi
x*+y*©° 2(mod3) b 3z°° 2(mod3) b VA ly.
Nhu vay x,y phai co mot sb chiahét cho 3, suy raca hai sé déu chia hét cho 3.
bat x=3x,; y =3y, . Thay vao phuong trinh taduoc:




3%, +3y,°=2"p 7°:3p z:3.
bit z=3z, tathu dugc: x,°+ Yy, =3z. Mardrang x, +y, + 2z, <x+y+z dodétathu
dugc diéu mau thuan. Nhu vay phueong trinh vo nghiém.
Vi du 2 : Giai phuong trinh nghiém nguyén x* +y* = 7°.
Dé giai phuwong trinh ndy, c&c ban hdy xem lai phan phuong trinh Pitago da viét ¢ phia
trén.
Trudc hét taco thé gia sir (X, Y, Z,) d6i mot nguyén to cling nhau(*).Goi (%, Y,) 1abd
nghiém nho nhat néu x; + ys min. Theo phuong trinh Pitago thi
X2 =N’ - n% Y5 =2mn; z, =7 +n’.
Talai xét phuong trinh Pitago n® +x > = m*. Taco:
X, =a’- b*>,n=2ab,m=a’+b*(1) .Suy ra
Y, =4abmp y,:2.Pat y, =2y, P y? =abm.
Ban doc c6 thé dé dang ching minh tir gia thiét (*). Suy ra:
a=a’,b=b’,m=n7.
Thay vao (1) thi nf =a* +b*. Mam®<z>=x+y, P (a,b)<(x,Y,) P Vvoly.
Vay phuong trinh vé nghiém.

Bai tap luyén tap

Ba 1: Giai phuong trinh nghiém nguyén duong

38x+117y =109
Ba 2: Giai phuong trinh nghiém nguyén duong

123x- 216y =1988
Bai 3: Giai phuong trinh nghiém nguyén duong

6x+ 21y +88xy =123
Bai 4: Giai phuong trinh nghiém nguyén duong

12x+ 3y +88xy = 621
Bai 5: Giai phuong trinh nghiém nguyén duong

2x% +y? +2xy =100
Bai 6: Giai phuong trinh nghiém nguyén duong

2°+2Y +2° =2336
Ba 7: Giai phuong trinh nghiém nguyén duong

x* -y} =12xy+3
Ba 8: Giai phuong trinh nghiém nguyén duong

x+2y 7

X¥+y? 20
Ba 9: Giai phuong trinh nghiém nguyén duong

2+1=x%y
Bai 10: Giai phuong trinh nghiém nguyén duong

1+ xy)(L+ yz)(1+x2) = xyzt
Bai 11: Giai phuong trinh nghiém nguyén duong

X2+ py® = 7% véi p lasd nguyén to.



Hudng dan: ding céc dinh ly va giai tuong tu phuong trinh Pitago.
Ba 12: Giai phuong trinh nghiém nguyén duong
33 + ys +78= nx2y222
Huéng dan: Dung bat ding thirc.
Ba 13: Giai phuong trinh nghiém nguyén duong
(x+D?+a® =(x+2)?+b” =(x+3)* +c* = (x+4)* +d?
Huéng dan: Xé modulo 8.
Bai 14: Giai phuong trinh nghiém nguyén duong
y=xt 3+ XA+ x+1
Ba 15: Giai phuong trinh nghiém nguyén duong
x*-2y*-47°=0



